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Abstract

Interference is a fundamental feature of the wireless channel. Cooperation among
the radios has been shown to manage interference in a multiple unicast wireless network
in a near optimal scaling law sense [4]. In this paper, we study the two user Gaussian
interference channel where the source nodes can both talk and listen. Focusing on the
full-duplex mode of operation, we characterize the sum capacity up to 18 bits. Novel
inner and outer bounds are derived in arriving at our main result.

1 Introduction

The standard engineering approach to dealing with interference in wireless systems is to
orthogonalize the transmissions and/or treat interference as noise at the receivers. However,
these strategies can be far from optimal in several canonical scenarios, including the clas-
sical two user Gaussian interference channel [I], 2]. Superposition coding and interference
alignment has been shown to perform well in interference channels (where the sources only
transmit and destinations only receive) [2] [3].

A different approach to interference management is available when the wireless nodes
can cooperate among themselves (this situation is not feasible in the classical interference
channel when sources only transmit and destinations only receive). A coarse result (scaling
of symmetric capacity as the number of radios grows) derived in [4] shows that distributed
cooperation (a so-called hierarchical MIMO strategy) can manage interference between the
different traffic flows so well as to get near the performance of (co-located) MIMO operation
among the nodes. While this is a strong result, it is coarse — in the asymptotic regime of a
very large number of radios.

Our goal in this paper is to better understand the role of cooperation in providing in-
terference management gains. We take a fundamental (information theoretic) approach by
studying the capacity region of a simple (yet, canonical) wireless network: we start with the
classical two user Gaussian interference channel, but endow the sources with the capability



to listen as well (apart from the usual capability of transmission). The cooperative links are
over the same frequency band as the rest of the links. We treat only the sum-rate under
a full-duplex mode of operation in this paper. The main result is a characterization of the
sum-rate within 18 bits.

Our main focus while deriving our main result is on constructing novel achievable schemes
as well as new converse techniques. Our achievable scheme is generic, in the sense that it
can be described in the context of a general discrete memoryless interference channel with
source cooperation. This general nature of the scheme (as well as the need to calculate a
uniform gap between our inner and outer bounds) results in a large gap (presently 18 bits).
In specific instances our characterization is readily sharpened — we provide an example where
the gap reduces to 6 bits, for instance. We also provide a few general recipes to improve the
inner and outer bounds (though calculating the improvement explicitly is rather involved).

The superposition scheme of Han and Kobayashi [5] for the two user interference channel
involves the two destinations partially decoding the interference they receive. In order to
facilitate this, the sources encode their messages as a superposition of two partial messages.
One of these partial messages, termed the public message, is decoded by the destination
where it appears as interference along with the two partial messages which are meant for
this destination. The other partial message, called the private message, from the interfering
source is treated as noise. Our achievable scheme preserves these two types of messages and
employs a further two types of messages:

e a cooperative-public message which is decoded not only by both the destinations, but
also by the other source which aids its own destination in decoding it, and

e a cooperative-private message which is decoded by the destination to which it is intended
and by the other source which cooperates with the original source in its transmission.

These two messages have similarities to the suggestions of Tuninetti [6], Cao and Chen [7],
and Yang and Tuninetti [§], but differ in the details of implementation which have a bearing
on the rates achieved.

Other related works include [9] which studies the two-user interference channel under co-
operation, [10] which investigates the symmetric two-user interference channel under noiseless
feedback, and [I1), 12] which study a two-stage, two-source interference network.

2 Problem Statement

We consider the following channel model for source cooperation (see Figure . At each
discrete-time instance — indexed by ¢t = 1,2, ... — the source nodes 1 and 2 send out, respec-
tively, X;(t) and X5(t) € C. The source nodes 1 and 2, and the destination nodes 3 and 4
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receive respectively

Yi(t) = haa Xo(t) + Ni(8),
Ya(t) = h1aXu(t) + Na(2),
Ys(t) = h13X1(t) 4 hosXa(t) + Ns(t),
Yi(t) = hoaXo(t) + h1aX1(t) + Na(t),

where the channel coefficients h’s are complex numbers and Ny (t), k =1,2,3,4, t =1,2,...
are independent and identically distributed (i.i.d.) zero-mean Gaussian random variables
with unit variance. It is easy to see that, without loss of generality, we may consider a
channel where the channel coefficients h; 3, hy 2, ho4, ho1 are replaced by their magnitudes
|h1sl, |h12l, |hoal, |hoq|, and the channel coefficient hy 4 is replaced by |hy4|e?%/? and hy 3 is
replaced by |hy.3e??/2, where 6 % arg(hy 4) +arg(ha s) —arg(hy 3) —arg(hs.4). We will consider
this channel. We will also assume that |hy o] = |he1| = he, say, which models the reciprocity
of the link between nodes 1 and 2. Further, we consider unit power constraints without loss
of generality.

There is a causality restriction on what the sources are allowed to transmit: it can only
depend on the message it sends and everything it has heard up to the previous time instance,
i.e.,

Xi(t) = fra(My, Y7h), k=12,

where M, is the message to be conveyed by source k and f is a (deterministic) encoding
function. A blocklength-T" codebook of rate (Ry, Ry) is (for each k = 1,2) a sequence of
encoding functions, fx;, t =1,2,...,T such that

1T
|73 nr] <1
=1
with message alphabets M;, = {1,2,..., 278} over which the messages M), are uniformly

distributed, and decoding functions ggyo : CT' — M. We say that a rate (Ry, Ro) is
achievable if there is sequence of rate (R, Rs) codebooks such that as T' — oo,

P (9k+2(Yk22) # Mk) —0, k=12
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We would also like to consider a linear deterministic model (introduced in [13]) for the
above channel. In order to treat both models together, we will adopt the following:

Yi(t) = ho 1 (Xa(1)),
Yo(t) = th(Xl(t)%
Y3(t) = haa(Xa(t)) + ho5(Xa(1)),
Ya(t) = hoa(Xa2(?)) + A7 4(Xi(2))-

Here the functions with a * are potentially random functions and the others are deterministic
functions.
Gaussian case: In the Gaussian case, we specialize to (with some abuse of notationED:

hs 1 (Xa) = ho1 X + Ny,

hio(X1) = h12X1 + N,

hi3(X1) = h13X1,

ho4(Xa) = hoyXo,

h3 3(Xa) = ho3 X + N3,
>1k74(X1) = h14 X1 + Ny

We will further assume that h;o = he; which is justified by the reciprocity of the links
between the sources.

Linear deterministic case: Let ny9,m1 3, n14,N2.1, N23, N2 4 be non-negative integers and
n & max(n 9, 13,014, N2,1,N2,3, N2.4). The inputs to the channel X; and X, are n-length
vectors over a finite field F. We define

hs 1 (X2) = 8" X,
hio(X1) = S""? Xy,
hy3(X;) = S""2 X,
hoa(Xs) = S"7"24 X,
s 5(X2) = 8" X,
14(Xy) =8""X,
where
0 O 0 0
1 0 0 0
s—|10 1 0 0
0O ... 0 1 0

nxn

!The correct notation would be Y;(t) = hz( )(Xg( t)) = ho1Xa(t) + N1(¢). This t-index in the notation

for random functions like h2(1 will be suppressed. We will tacitly assume that application of *-ed functions
for different values of ¢ result in independent realizations of N's.
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is the n x n shift matrix. Further, to model the reciprocity of the links between the sources,
we set njo = ng 1 = ng, say.

3 Main Results

3.1 Sum-rate Characterization

The following theorems characterize the sum-rates of the interference channels with source
cooperation introduced in the previous section.

Theorem 1 Linear deterministic case. The sum-capacity of the linear deterministic channel
with source cooperation is the minimum of the following:

uy = m&X(nl,?) — N4 + Ne, N2 3, nc) + max(nu —Ng3+ Nc, N4, nc),

N}

uy = max(ni 3, nNe3) + (max(ng, nog, ne) — Nas),

uz = max(ng,4, n14) + (Max(ny 3, n14,nc) — N14),

A~~~ I/~ —~

=~ W
~— — ~— ~—

uy = max(ny 3, n¢) + max(ng 4, ne), and

- max(nyz + ng4, N4 +Nog), if N1z —Noz F Ny — Nog, (5)
> max(ny 3, N2.4, N1, N2,3), otherwise.

The achievability of the above theorem in proved in Appendix [B] and the upperbounds are

derived in Appendix [D]

Theorem 2 Gaussian case. The sum-capacity of the Gaussian channel with source cooper-
ation s at most the minimum of the following five quantities and a sum-rate can be achieved
to within a constant (18 bits) of this minimum.

— |h,173| |h273| 2 ,
U1l —log (1+ <max(17|h174|> + max(17|hc|) (]_+ |hC| ) (6)
|24 R4 2 ,
o (1 " <maX(1, hasl)  max (1, [hel) (1 +[hel), (7)

hoal|?, |has|?, |hc|?
=g (14 (igal + fraa?) (14 Pz aal e,

max (1, ’h2’3’2)

max (|h13]%, |h14)?, [hel?)
max (1, |y 4|?) 7

us =log (14 |hasl” + [hel*) +log (1 + [haal® + [hel*) , and (10)

ug = log 2 (1 + (|hoa| + ’h1,4|)2) <1 +

us = log (1 +2 (|h1,3|2 + |hoa|* + [haaf® + Vl2,3\2)

+4 (’h1’3h2’4|2 + ’h1’4h2,3|2 - 2|h173h2’4h174h273’ COS 6) ) . (11)
The achievability proof is presented in Appendix [C| and the converse in Appendix [D}
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Figure 2: Normalized sum-capacity of the symmetric interference channel with h; =
vhp under source cooperation in the limit of hp — oo keeping log |hs|?/log|hp|* and
log |h¢|?/ log |hpl|? fixed.

3.2 Gains from cooperation

To illustrate the gains from cooperation, in this section we will explore a specific instance
of the symmetric interference channel: |hy 3| = |hos| = hp, |h14| = |h2s| = hr = Vhp, and
6 = 0. In appendix [F| we prove the following proposition.

Proposition 3 Let C' be the minimum of the following
2log 2hp (1 + h%) ,

max(h%, h%)
log 2h7, (1 + # ;

log (4h}g) .

For the symmetric channel described above, for any € > 0, the sum-capacity lies in (C' — 6 —
e,C +¢), for sufficiently large hp.

We plot in Fig. [2} as a function of log |hc|?/log |hp|?, the sum-rate C normalized by the ca-
pacity of the direct link, in the limit of |hp| — oo while keeping the ratios log |h¢|?/ log |hp|*
and log |hr|?/log|hp|? constants. Since C' is achievable within a constant gap (6 bits), this
plot is also that of the sum-capacity in this limit. This reveals three regimes of operation:

o log|hcl?/log|hp|* < 1/2. In this regime, the plot shows that the capacity increases
linearly with the strength of the cooperation link (measured in the dB scale). For
every 3dB increase in link strength the sum-capacity increases by 2 bits. Note that
without cooperation, the sum-capacity is essentially achieved by time-sharing. Thus,
cooperation can be seen to deliver significant gains.

e 1/2 < log|hc|?/log|hp|?> < 1. The linear gain saturates when the cooperation link
strength is half the direct link strength. No further gains are accrued until the coop-
eration link is as strong as the direct link.



e 1 <logl|hc|?/log|hp|* < 3/2. The capacity again increases linearly with the coopera-
tion link strength, but here an increase in capacity by 2 bits requires a 6dB increase in
the cooperation channel strength. This linear increase continues until the cooperation
capacity is approached when the cooperation link is 3/2 times as strong as the direct
link, after which the capacity is flat.

4 Coding Scheme: Illustrative Examples

In this section, our cooperative coding scheme is illustrated through a few simple examples.
These examples have been hand-picked so that uncoded (signal processing) strategies are
enough to achieve the sum-capacity. However, they cover the key novel aspects of our coding
strategy. In particular, the first example shows how the sources cooperate in conveying
cooperative-public messages, which are messages decoded by both sources and which benefit
from cooperation. Example 1 also involves the use of private messages which are decoded
only by the destinations to which they are intended and get conveyed without the benefits
of cooperation. Example 2 shows how cooperative-public messages can occur together with
the two types of messages in Han-Kobayashi’s scheme, namely, private messages and public
messages (public messages are decoded by both the destinations and do not benefit from
cooperation). Example 3 illustrates a second kind of cooperative message: cooperative-private
message which benefits from cooperation and is decoded only by the destination which is
interested in it.

Ezxample 1: For the linear deterministic case, let us consider the symmetric channel with
direct links n13 = ng4 = np, say, and interference links ny4 = no3 = ny, say, such that
np = 2n;. When source cooperation is absent, i.e., ng = 0, the sum capacity turns out to
be np and it can be achieved simply by time-sharing. Now, let us consider ng = np/4, and
in particular, np = 4,n; = 2,nc = 1. The sources transmit

Ul(t) + Ul(t — 1) Ug(t) + Ug(t — 1)
B va(t — 1) B vi(t—1)
x1(t) = o (t) and zo(t) = 2o (1)
21(t) 2op(t)

Note that this is possible because

0 0

0 0
n(t) = ) and y(t) = 0 ,
v

’Ug(t) + z(t — 1) Ul(t) + Ul(t — 1)

which means that before time ¢, source 1 knows ve(t — 1) and source 2 knows vy (t — 1).
The transmissions are over a long block of length T" with the signals at time 7' such that



2ka(T) = zip(T) = 0, k = 1,2. Also, we interpret vg(0) = 0. Then, destination 3 receives

Ul(t) + Ul(t — 1)

Uz(t—l)
ys(t) = 21a(t) + va() + valt — 1) ,t=1,2,...,T—1, and
Zlb(t) “+ v (t — 1)

Ul(T) =+ Ul(T — 1)

ve(T — 1)
ys(T) = Ua(T) + vo(T — 1)
Ul(T— 1)

At the end of time T', destination 3 starts reading off the signals backwards starting from what
it received at time 7". From y5(7") it can recover vy (1), va(T), v1 (T — 1), v2(T — 1). Making
use of the latter two, i.e., v1(T — 1), vo(T — 1), it can recover z14,(T — 1), 21(T — 1), 01 (T —
2),v9(T'—2) from y3(T —1). Then, employing its knowledge of v1 (T —2), vo(T —2), it recovers
21a(T —2), 215(T — 2),v1(T — 3), vo(T — 3) from y3(7 —2), and so on. Thus, destination 3 can
recover {(vi(t), z14(t), z16(t), v2(t)) : t = 1,2,...,T}. By symmetry, destination 4 can also
recover its messages. Thus, a rate of Ry = 3, Ry = 3 can be achieved (asymptotically as
T — o0). Thus we obtain a sum-rate of 6 which is in fact the sum-capacity of this channel
with cooperation.
The above scheme has two kinds of signals:

e Private signals: 214, 21p, 224, 225 are recovered only by the destination to which it is
intended. Note that these signals occupy the lower levels of the transmitted vector
such that they do not appear at the destination where they may act as interference.

e Cooperative-public signals: vy, v,. These signals are read off by the other source at the
end of each time ¢ and then incorporated into the transmission by both the sources
at the time t + 1. Thus, the transmission of these signals exploits the possibility
of cooperation among the two sources. Destinations perform “backwards decoding.”
They recover the cooperative-public signals sent cooperatively starting from the final
received vector and proceeding backwards. Hence, the initial transmission used by the
sources to convey the signals to each other, being already available, does not act as
interference at the destinations. In order to facilitate the recovery of these signals at
the sources, they occupy the higher levels of transmitted vector.

FEzample 2: Let us consider the following asymmetric linear deterministic case, n;3 =
6,m14 = 3,n24 = 4,n23 = 3, and nc = 1. The capacity as given by Theorem [1|is 7.
To achieve this, the sources transmit

Ul(t) + Ul(t — 1) Ug(t) —+ Ug(t — 1)
ur(t) +vo(t — 1) vi(t—1)
x1(t) = 21 (t) and z5(t) = 2(8)
21p() 0
Zlc(t) 0



Note that this is again possible because

and yo(t) =
'Ug(t) + 2<t - 1) Ul(t) +

0 0
0 0
v v

1(t—1)
and hence, source 1 knows ve(t — 1) and source 2 knows vy (t — 1) before time ¢. The
transmissions are again over a long block of length T" with the signals at time 7" such that at

time T all the u, v, z signals are 0. Also, we interpret v;(0) = 0, k = 1,2. Then, destination 3
receives

vi1(t) +vi(t—1) v (T —1)
uy (t) HE § 1) vz(TO— 1)
ys(t) = at) + va(t) + st — 1) ,t=1,2,...,T =1, and y5(T) = w(T—1) |’
zip(t) + ot — 1) v (T —1)
Zlc() 0

and destination 4 receives

0 0
0 0

ya(t) = Uq’li(tg)j;;(é__ll)) ct=1,2,....T—1, and y3(T) = 2”51((7;__11)> :
wr(t) + st — 1) va(T —1)
ui () + 2a(1) 0

Now it is easy to verify that if the destinations read off the signals starting from the vectors
they received at time 7" and proceeding backwards as in the previous examples, destina-
tion 3 can recover {(vq(t), u1(t), 21a(t), 216(t), 216(t), v2(t)) : t = 1,2,..., T}, and destination 4
{(va(t), z2(t),v1(t),us(t)) : t =1,2,...,T}, and hence achieve a sum-rate of 7.

This example involved a new type of signal apart from the private and cooperative-public
types of the previous example.

e Public signal: w;. This signal is decoded by both the destinations. However, note
that unlike the cooperative-public signal, the other source does not participate in its
transmission. Indeed, this signal is transmitted in such a way that it is not visible to
the other source.

Both the examples above involved cooperative links which are weaker than the direct and
interfering links. The mode of cooperation involved the sources cooperating in aiding the
destinations recover an interfering signal. When the cooperative link is strong, yet another
possible form of cooperation becomes feasible. The next example illustrates this.

Ezxample 3: Let us again consider the symmetric case, but now with np = 4,n; = 3, n¢ = 5.
Note that, the cooperation link is now stronger than both the direct and interference links.

9



Without cooperation, the sum capacity is 5; but with cooperation, we will show that a sum
rate of 6 can be achieved. The sources transmit

vi(t) +vi(t —1) vo(t) + vo(t — 1)
va(t — 1) vi(t—1)
x1(t) = s1(t) and z5(t) = So(t)
Zl(t) — Sz(t) Zz(t) — 51 (t)
51(t+1) Sg(t—l—l)

Note that this transmission scheme is possible since y; (t) = x2(t), yo(t) = x1(t). This allows
the sources to exchange their s(t) signals one time step in advance over the lowest level. Also,
we set sg(1) = 0,v,(T") = 0, and interpret v;(0) = 0,s,(T"+ 1) = 0, k = 1,2. Destinations
now receive

0
Ul(t) —f-Ul(t— ].)
ys(t) = | vat) +20e(t —1) |, t=1,2,..., T —1, and
Sl(t) +’U1(t— 1)
z1(t)
0
n (T —1)
ys(T) = 209(T — 1)
s1(T) + v (T —1)
z1(7T)

Recovery of signals proceeds backwards from the last received vector as in Example 1. As-
suming that the characteristic of the field F is not 2, destination 3 can recover the signals
{(vi(t), 51(t), z1(t), v2(t)) : t = 1,2,...,T}. This gives a rate of Ry = 3, and by symmetry a
sum-rate of 6.

In addition to the previously encountered private and cooperative-public types of signals,
another kind of signal plays an important role in this example. The strong cooperation link
allows the sources to share with each other signals which are eventually only recovered by
the destination it is intended for. i.e.,

e Cooperative-private signals: si, s3. The sources learn these signals from each other one
time step ahead, and in the next time step they cooperate with each other to convey
these signals only to the destination it is intended for. Note that the collaboration
between the sources in this example is a rudimentary form of precoding. The two
sources can be thought of as two antennas of a broadcast transmitter when they co-
operate to transmit these signals. Only the destination to which the signal is intended
for recovers it and the precoding ensures that no interference is caused at the other
destination. The main differences from cooperative-public signals are: (1) the sources
convey the cooperative-private signals to each other through the lowest levels of their
transmission vector in such a way that it is not visible to the destinations, whereas
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the cooperative-public signals are conveyed over the top most levels of the transmis-
sion vector, and (2) the source collaborate in sending the cooperative-private signals by
pre-coding the signals to ensure that no interference results at the destinations, while
cooperative-public signals are visible to both the destinations which end up recovering
them. Thus, while the role of cooperation is to aid both the destinations in recover-
ing the cooperative-public signals, it aims to conceal the cooperative-private from the
destination it is not intended for.

In general, such uncoded schemes are not sufficient to cover all possible linear determin-
istic channels (indeed, even in the above example, we relied on the characteristic of the field
not being 2), and more importantly the Gaussian channels. But the basic intuition can be
used to build coding schemes which do. These schemes are presented in the next section.

5 Coding schemes

We first present our key coding theorem (in Theorem []). It is a block-Markov (in the
sense of [14]) coding scheme which builds on Han and Kobayashi’s classical superposition
coding scheme [5] for the two-user interference channel and has elements of decode-and-
forward strategy [14] and backwards-decoding [15] for relay channels. The schemes are
generic in the sense that they apply to any memoryless interference channel with source
cooperation py; v, vs,va|x;,X.- 1hen, we apply these schemes to the problems at hand to obtain
the achievability part of Theorems (1| and . We would like to point out that Theorem (a)
is identical to the one which appears in [6].

Theorem 4 (a) Given a joint distribution pw pv, v, x,|w Pvs,Us,xo|w, the rate pair (Ri, Ry)
15 achievable if there are non-negative ry,, vy, Tu,, Tuy, Tx, s T'x, Such that Ry = ry, +ry, +rx,,
Ry =ry, +ry, +rx,, and

(A% S I(‘/h}/?lw)

rx, < I(Xy; Y3|Vi, Vo, W, Uy, Us),

ru, +rx, < (U, Xq; Ya| Vi, Vo, W, Us),

ru, +1x, < I(Us, X1; Y3|Vi, Vo, W, Uy),

Ty, + o, +rx, < I(UL, Uz, Xa; Y3 | Vi, Vo, W),

(rvi +71w) + v, Fro, Frx, < T(W, VAL, Vo, Uy, Us, X5 Y3),

and the corresponding inequalities with subscripts 1 and 2 exchanged, and 3 replaced with 4.

(b) Given a joint distribution pw pvi Uy |\wPVe,Us|W PS1|WPSo|W D21 |W,Vi,UL 51D Za|W,Va,Us,Ss PX1[W,Vi,UL,Z1,51,52
DXo|W,Ve,Us, Z2,51,50» the rate pair (Ry, Ry) is achievable if there are non-negative rv, , 1y, ,7z,,7s,, k =
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1,2 such that Ry = ry, +ry, +71z, +71s,., k=1,2 and
rs, S I(Xlai/é’W 517527Z17 Ula‘/l)
vz, +rs, < I(Z1, X1;Yo|W, St, S2, Uy, Vi)
ru, + 1z +rs, < I(Ur, Z1, X1; Ya|W, S1, 52, V1)
vy _'_TUl +TZ1 + s, S I(‘/lanZlale}/Q‘W 51752)7

vz, < I1(Z1;Y3| Vi, Vo, W, Uy, Uy, Sh),

rv, + 1z, < I(Uy, Z1; Y|V, Vo, W, Uy, Sh),

rs, + 1z < 1(S1, Z1;Y3|Vi, Vo, W, Uy, Us),

rs, + ru, +rz, < I(S1,Ur, Z1; Y3 Vi, Vo, W, Us),

Tuy + 1z, < I(Ua, Z1;Ya| V1, Vo, W, UL, S1),

Ty, + 1oy, + 1z < I(Up, Uy, Z1; Y3 | Vi, Vo, W, Sh),

ru, + s, +rz, < I(Us, Sh, Z1; V3| Vi, Vo, W, Uy),

ru, + 15y + vy + 1z, < I(Us, S1, Ur, Z2; Ya| Vi, Va, W),

(rvi +71w) + v, Fro, s, g < T(W, VL Vo, UL, Us, 81, 213 Ys),

and the corresponding inequalities with subscripts 1 and 2 exchanged, and 3 replaced by 4.
(¢) Given a joint distribution pw pvy,u,|wDVe,Us|W PSi|W PZi|W,Vi,Us,$1 P Za|W,Va Uz PX1|W,VA,U1,Z1,51
DXo|W,Va,Us, 70,51 » Lhe rate pair (Ry, Ry) is achievable if there are non-negative v, ,ru, ,7z,, k =
1,2, and rg,, such that Ry =ry, + ry, + vz, +7rs,, Ro =1y, + 1y, + 12, and

rs, < (Xl,Y2|W Sl,Zl,Uhvl)

vz +rs < I1(Z1, X1 Yo|W, Sy, Up, V1)

ru, + 1z +rs, < LUy, Zy, Xq; Yo |W, S, Vi)

v, +ru, Frg +rs, < I(Vy, Uy, Zy, Xa; Yo | W, SY),

v, S I(‘/%}/IH/I/;SIL

Tz, < I(Zy;Ya|Vi, Vo, W, UL, Us, Sh),
rv, + 1z, < I(Ur, Zy; Y3|Vi, Vo, W, Us, S1),
rs, + 1z < 1(S1, Z1;Ya| Vi, Vo, W, Uy, Us),

rs, +ro, +rz < 1(Sy, Uy, Zy; Ys|Vi, Vo, W Us),

Ty, + 1z, < I(Us, Z1; Y| V1, Vo, W, UL, Sh),

ru, + 1o, + 1z < I(Us, Uy, Zy; Ys| Vi, Vo, W, SY),

ru, + s, +rz, < I(Us, Sh, Z1; Y3 Vi, Vo, W, Uy),

Ty, + 15, + 1o, 1z < I(Us, S, Uy, Z1; Ys | Vi, Vo, W),

(rv, +rv,) +ru, +ru, +rsy 1z, < I(W, Vi, Vo, Uy, Us, Sy, Z4;Y3),
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Tz, < I(Z2; Ya|Vi, Vo, W, Uy, Ua),

TU, + 12, < 1(Us, Zo; Yal V1, Vo, W, UL),

Tv, + 1z, < I(Uy, Zo; Yal Vi, Vo, W, Usy),
TU1+7“U2—|—7‘ZQSI(U1>U2,Z2,Y4|VMV2, )7

(Tvl +T’V2) +ry, +ry, 1z, < [(W Vl,Vg,Ul,UQ,ZQ,KQ

We prove this theorem in Appendix [A] Here, we interpret these theorems in the context
of the examples and discussion in the previous section:

Scheme (a) involves the source nodes aiding their respective destination nodes decode part
of the interference (the cooperative-public message from the interfering source) by essentially
retransmitting the part of the interference observed by the source. In order to facilitate this,
the cooperative-public message is coded separately (in V; and V3) which are decoded by the
sources and retransmitted (in W). There are further public messages (U; and Us) which are
not aided by the other source, and private messages as well. This scheme is closely related
to Example 1 of the previous section.

In scheme (b), in addition to the above, the sources collaborate in sending private mes-
sages by sharing with each other in advance the part of the message on which they want to
collaborate. Thus, the connection is to Example 3 of the previous section. The auxiliary
random variables in scheme (b) have the following interpretation:

Aux.  Decoding  Remarks
RV  destinations

Vi 3,4 cooperative-public message from source 1

Vs 3,4 cooperative-public message from source 2

|44 3,4 used by the sources to cooperatively send the two cooperative-public messages
U,y 3,4 public message from source 1

U, 3,4 public message from source 2

S 3 carries the cooperative-private message to destination 3

Sy 4 carries the cooperative-private message to destination 4

A 3 private message from source 1

Ly 4 private message from source 2

Note that scheme (a) is not a special case of (b) as it might appear. The key difference is
that while in scheme (b), the sources perform a joint decoding of all the messages sent by
their counterparts (including the public and private messages which they do not aid in the
transmission of ), in scheme (a), only the part of the cooperative-public message meant to used
for collaboration is decoded treating all the other messages as noise. At low strengths for the
cooperative link, scheme (a) can perform better than scheme (b) specialized to not include
a cooperative-private message. On the other hand, for strong cooperative links, adopting a
joint decoding scheme at the sources can lead to better overall rates for other messages.
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Scheme (c) combines these two schemes in a limited manner. Only source node 1’s trans-
mission benefits from transmission of some cooperative-public and some cooperative-private
messages while source node 2’s transmission benefits only from collaborative transmission of
some cooperative-public message. Source node 1 adopts a decoding strategy similar to that
adopted by the sources in scheme (a) whereas source node 2’s decoding strategy is similar
to the one in scheme (b). The three schemes (a), (b), and (c) can be easily combined into
a single scheme (at the expense of considerably more involved notation) which may improve
the achievable region in general, but since the focus here is on the sum-rate of the Gaussian
case (within a constant gap) and linear deterministic cases which are obtained by considering
the schemes separately, we do not explore this here.

Intuitively, a source employs a cooperative-private message only when the cooperative link
is stronger than the direct link from this source, and the source shares this message with the
other source in advance by having it “ride below” the other messages it sends. Thus, one of
the differences of our scheme from the proposals of [7,[§] is that when sharing the cooperative-
private message in advance, the decoding source performs a joint decoding of all the messages
including those messages it does not aid in the transmission of, rather than treat these other
messages as noise. Note that in our schemes (b) and (c), the sources cooperate in sending
the cooperative-private messages by employing a simple form of precoding along the lines of
Example 3 in the last section. Use of dirty-paper coding [16], [17] instead may lead to an
improved gap.

The achievability proofs presented in Appendix [B| and |C| of our main theorems (Theo-
rems [1| and [2) make use of these schemes.

6 Interference Channel with Feedback

A closely related problem is that of the interference channel with feedback. Let us consider
the symmetric Gaussian interference channel with noiseless feedback. As in the model we
considered earlier,

Ya(t) = hasX1(t) + hasXa(t) + Ny(t),
Yi(t) = houXa(t) + hiaXi(t) + Na(t).

However, instead of receiving signals through the cooperation link, the sources now receive
noiseless feedback from their respective destinations. i.e.,

Yi(t) = Ys(0),

Ya(t) = Ya(t).
As before, the transmissions from the sources are deterministic functions of their messages
and their observations (here, the feedback received) in the past. Since the sources have access

to the symbols they transmitted in the past, it is clear that the above problem is equivalent
to one where the sources observe

Yi(t) = ho3Xa(t) + N3(t),

)
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We can rewrite these as

Yi(t) = ho1 Xa(t) + Ni(t),
Yé(t) — hLQXl(t) + Ng(t)

Here hoy = has, hi1o = hi1a4, Ni(t) = Ns(t), and No(t) = Ny(t). This is identical to the
channel model stated at the beginning of section [2|except for the fact that now Ny, No, N3, Ny
are not independent, but N; and N3 are identical, and so are Ny and Njy.

The above difference notwithstanding, we will argue below that the results presented in
Section on the sum-capacity of the interference channel with source cooperation have a
bearing on this model as well. Note, however, that our source cooperation result was proved
under the restriction that |hy 2| = |ho1|. In general, this may not hold true for interference
channels with feedback, but a range of channels including, most importantly, the symmetric
interference channel is covered. We will focus our attention on the symmetric channel, where
|hi3| = [hoa| = hp, and |hy 4| = |hos| = hy.

Let us begin by noting that a linear deterministic formulation of the above feedback
problem is identical to the one with source cooperation, and hence, Theorem [1| applies
directly. Turning to the Gaussian case, let us note that the achievability proof for the source
cooperation case depended only on the marginal distributions of the noises and not on their
correlation. Hence the achievability proof also holds directly. We only need to argue that
the converse also applies. In appendix [E] we will show that the biting upperbound for the
symmetric channel with noiseless feedback indeed holds to give us the following proposition:

Proposition 5 The sum-capacity of the symmetric, Gaussian interference channel with out-
put feedback is within a constant (19 bits) of the minimum of the following terms:

max (|hpl?, [h]*)
max (1, |hz|?)

log2(1+(|hD\ + VUW) <1+ (12)
This case was studied independently in [10] which also characterizes the sum-capacity and
obtains a better constant than we do here.

7 Discussion

7.1 Reversibility

A related setting to the one studied in this paper is the interference channel with destina-
tion cooperation. This case will be presented in a companion paper [I8]. An interesting
reverstbility property connects the two settings. We briefly discuss it here. For brevity, the
linear deterministic model will be employed.

In the destination cooperation case, the destinations can not only receive, but they can
also transmit. But these transmissions have to satisfy a causality constraint — the transmis-
sions from each destination is a function of everything it has received up to the previous time
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1 n3

3 3 11,3 1

N2

N2 4 N2 4
(a) Source Cooperation (b) Destination Cooperation

Figure 3: Source Cooperation and Destination Cooperation. Note that the destination
cooperation channel (b) is obtained from the source cooperation channel (a) by: (i) reversing
the roles of the sources and destinations, i.e., nodes 1 and 2 are sources in (a) and destinations
in (b); nodes 3 and 4 are destinations in (a) and sources in (b), and (ii) reversing the directions
of all the links while maintaining the link strengths to be the same. Both channels have the
same sum-capacity.

instant. In order to illustrate the reversibility between destination and source cooperation
scenarios, we will number the nodes as shown in the Fig. 3(b): 3 and 4 are the source nodes
now which want to communicate to destination nodes 1 and 2 respectively, and there is a
cooperation link between the destination nodes. The destination nodes receive

Yi(t) = has(Xs(t) + 1Y 4(Xu(t)) + b2 (Xa(1)),
Ya(t) = hoa(Xu(t)) + h5 5(X3(t)) + o1 (X1(2)).

where the (deterministic) encoding functions at the sources are of the form
Xk(t) = fk,t(Mk)a k= 3747
and the (deterministic) relaying functions at the destinations are of the form

Xi(t) = fk,t(th_l), k=21.

. . def
Let ny 3,123, N1.4, N2.4, N1, M1 2 be non-negative integers and n = max(ny 3, na3, N4, N2.4, N2.1,M1.2)-
The inputs to the channel X3 and X, are n-length vectors over a finite field F. We define

h1’3<X3) Sn_nl’SX y
hoa(Xy) =S4 XYy,
hi4(Xy) = 8" Xy,
h5 5(X3) = 8" " X3,
hia(X2) = S""2 X,
th(Xl) - Sninz’lX



Further, to model the reciprocity of the links between the two receivers, we set ng; = n12 =
nc.

The reversibility property is that the sum-capacity expression in Theorem [1| is also the
sum-capacity of the above channel with destination cooperation. This turns out to be a
feature of our achievable strategy which holds in more general cases (larger networks, more
number of sources-destination pairs etc.) as discussed further in [I9]. It would be interesting
to investigate whether the optimality results presented here also extend to more general
settings.

7.2 Dependence on channel state information

Throughout the paper we assumed that full channel state information is available at both the
sources and the destinations. However, this can be relaxed. The application of the scheme in
Theorem (a) only requires the sources to know the channel strengths to the two destinations,
and not their phases. Note that Theorem [{f(a) caters to the case where the strength of the
cooperative link is weaker than that of all the links to the two destinations. But, to apply
the schemes in Theorem [[(b) and (c), we do require the sources to have full channel state
information. This is not surprising since the analogous setting of a multiantenna broadcast
channel also requires full channel state information.

A  Proof of Theorem {4

(a) We present a block-Markov scheme with backwards decoding. Given pwpv, v, x, (W DVa,Us, X2|W s
we construct the following blocklength-7" codebooks:

e W codebook: We create a W-codebook Cyy of size 27" with codewords of length n by
choosing the elements independently according to the distribution py,. We will denote
the codewords by cy (my) where my € {1,...,270w=9} where € > 0.

e I codebooks: For each codeword cy (my) € Cyy, and for each k = 1,2, we create Vj-
codebook Cy, (mw ) of size 27(rvi.=9) respectively, by choosing elements independently ac-
cording to py, jw (.|w) where w is set to the respective element of the cy (mw ) codeword.
These codewords will be denoted by cy, (my,, my) where my, € {1,...,270v=9},
Moreover, we set

Tw =Ty, T Ty,

e U codebooks: For each codeword cy, (my, , mw ), we create a Up-codebook Cy, (my, , mw)
of size 27"+ =9 by choosing elements according to py,|v,.w (-|vx, w) by setting vy, and
w to be the respective elements of the cy, (my,, my ) and ey (my) codewords.

e X codebooks: Finally, for each codeword cy, (my,, my,, mw), we similarly create a
Xg-codebook Cx, (my, , my,, mw) of size 2T(rx,=9) ysing DX |Up Vi, W -

17



Encoding: For block-7, we will assume for the moment that the source nodes have successfully
decoded the messages my; (7 —1). Then the encoding proceeds as follows. Both encoders set
mw(j) = (my,(j — 1), my, (7 — 1)). They then proceed to choose the codewords cy (mw (7)),
CVk(ka (])7 mW(]))’ Cuy, (mUk (])’ my, (])7 mW(]))a and CXp, (ka (])v my, (])’ my, (])7 mW(]))
The X-codewords are transmitted. For the first block, j = 1, we set my/(1) = 1 and for the
last block J, we set my, (J) = my,(J) = 1.

Decoding at the sources: At the end of block-j, source 1 will try to decode the message my,(j)
from source 2 and wice versa. Using standard arguments, we can show that for joint-typical
decoding to succeed (with probability approaching 1 as the blocklength n approaches co), it
is enough to ensure that

TV1 S [<‘/17Y2|W>’ and
rv, < I(Va; Yi|W).

When this decoding fails, we will say that “encoding at the sources has failed at block-7,”
and declare an error.

Decoding at the destinations: Destinations perform backwards decoding. We will assume that
before destination 3 processes block-j, it has already successfully decoded my (j + 1) =
(mv, (), my, (7). This is true for j = J since my, (J) = my,(J) = 1. And, for each j, we will
ensure that from block-j, destination 3 decodes my,(j) successfully thereby ensuring that
the above assumption holds true. Assuming that my, (j), my,(j) is available at destination 3,
we will try to ensure that from block-j, the messages my (), my, (j), mx, (j) are successfully
decoded. In trying to decode these messages, destination 3 will also try to jointly decode
the message my,(j). It can be shown that a high probability of decoding success can be
ensured (i.e., the probability of failure in decoding the messages my (j), my, (j), and mx, (5)
from what destination 3 receives in block-j assuming my (j + 1) is available, goes to 0 as
blocklength n goes to 0o) if the following conditions are met.

rx, < I(X1; Ys|Vi, Vo, W, Uy, Us),
ru, +rx, < (U, X1 Ys|Vi, Vo, W, Us),
Tu, +1x, < I(Us, Xu; Y3|Vi, Vo, W, U),
(U1, Uy, X1; Y3|Vi, Vo, W
[(W Vi, Vo, Ur, U, X1; Y3

ru, +ru, +rx, , and

(TV1 + 7aV2) + U, + TU, + rx,

IA AN

)
).
A similar set of conditions ensure success of decoding at destination 4. If decoding fails
for block-j for either of the destinations, we will say that “decoding failed at block-;” and
declare an error.

Overall, an error results if for at least one block-j, either encoding fails or decoding fails.
Since there are a finite number J of blocks, by union bound, the above discussion implies that
the probability of error goes to 0 as the blocklength goes to oo when the above conditions
are met. This completes the random coding argument.

(b) We present a block-Markov scheme with backwards decoding at the destinations. Given

Pw Pvi,Ui|W PVa,Us|W PS1IWPSo|W PZ1|W,V1,U1,581 PZa|W,Va,Us,So PX1|W,V1,U1,21,51,S2 PXo|W,Va,Us,Z2,51,525
we construct the following blocklength-n codebooks:
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e W, V, and U codebooks: These codebooks are constructed as in scheme (a) above.
We create a W-codebook Cyy of size 21 with codewords of length n by choosing the
elements independently according to the distribution py,. We will denote the codewords
by cw (myw ), where myy € {1,...,270w=91 where € > 0.

For each codeword cy (my) € Cw, and for each k = 1,2, we create Vj-codebook
Cv, (mw) of size 2T(rvi=9) respectively, by choosing elements independently according
to py,jw(.|w) where w is set to the respective element of the cy (mw) codeword. These
codewords will be denoted by cy, (my, , mw ) where my, € {1,..., 2T(”Vk_25)}. Moreover,
we set

Tw =Ty, T,

For each codeword cy, (my,, mw), we create a Ug-codebook Cy, (my,, mw) of size
27(ru;, =) by choosing elements according to P, Ve, w (-|Ug, w) by setting vy, and w to
be the respective elements of the cy, (my,, my) and cw (my ) codewords. These code-
words will be denoted by cy, (my, , iv, , mw) where my, € {1,... 2T o =9,

e S codebooks: For each ¢y (my) € Cw, and for each k = 1,2, we create an Si-codebook
Cs, (my) of size 27(rs.=9) respectively, by choosing elements independently according
to pg,jw(-|w) where w is set to the respective element of the cy (mw) codeword. These
codewords will be denoted by cs, (ms, , mw) where mg, € {1,...,27"se =291

e 7 codebooks: For each pair of codewords (cy, (my, , my,, mw), cs, (ms,, mw)) €
Cu, (my,, mw) xCg, (myw ), and for each k = 1,2, we create a Zx-codebook
Cz,.(my,, my,, mw,is,) of size 27(rz:=9) respectively, by choosing elements indepen-
dently according to pz,|w,v,,v,.s, (-|W, Vi, Uk, Sp) Where w, vy, uy, and s;, are set to the re-
spective elements of the ey (mw), cv, (my,, mw), cu, (mo, , myv,, mw), and cg, (ms, , mw)
codewords, respectively. The codewords so generated will be denoted by
¢z, (mz,, my,, my,, mw,ms, ) where iz, € {1,...,270z=91

e X codebooks: Finally, consider pairs of codewords
(cz,(mz,, mu,, My, mw,ms, ), cs; (ms,, mw)) € Cz, (muy,, my,, mw,ms,) x Cs; (mw),
for each £k = 1,2, where k = 2, if k. = 1, and £k = 1, if K = 2. For each pair, we
create a Xj-codebook Cx, (mz,, my, , my,, mw, is, ’iSE) of size 27(s,—¢) by choosing el-
ements independently according to px,jw.vi.u,.z,,5..5; (-|W, Uk, Uk, Sk, S5) Where w, vy,
Uk, 2k, Sk, and s; are set to the respective elements of the cw (mw), cy, (iv,, mw),
Cu, (’iUk, in, mw), Cz, (izk,iUk, in, mw), Cs,, (isk,mw), and CSIE (isfc,mw) COdGWOl"dS, re-
spectively. The codewords so generated will be denoted by
s ,is ) wh 1,..., 27057
CX(mPVT-COOPk.,mmeUk,mvk,mW,ZS,;,ZSk) where mpyr.coop, € {1,..., }-
Encoding: For block-j, we will assume for the moment that the source nodes have success-
fully decoded the messages my, (j — 1), mpyr.coop,(j — 1). Then the encoding proceeds
as follows. Both encoders set my (j) = (my,(j — 1),m1,(5 — 1)). Then, encoder-k pro-

ceeds to select the codewords ey (mw (7)), cv, (mv, (4), mw (7)), cu,(mu, (5), mv, (5), mw (7)),
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cs, (ms, (7)), mw(j)), and cgz, (mz, (5), mu, (j), mv, (j), mw(J),is,(7)). It transmits the X-
codeword

Cx (mPVT-COOPk (j)v mz, (])7 my, (])7 my, (])7 mw (])7 ms; (]) mSk( )) For the first block, j =

1, we set my (1) = mg, (1) = mg,(1) = 1 and for the last block J, we set my, (J) = my,(J) =
mpyr-coop, (J) = mpvr.coop, (J) = 1.

Decoding at the sources: At the end of block-j7, source 2 will try to jointly decode

my, (7), mu, (7), mz, (j), mpvr-coop, (J)

from source 1 and wvice versa. Note that both sources have access to the W, S;, and S>-
codewords. For joint-typical decoding to succeed (with probability approaching 1 as the
blocklength 7" approaches co), we can show that it is enough to ensure that

<X17}/2|W 517527217(]17‘/1

rz, +T51 < [<Z 7X17}/2‘VI/7517527U17 1

Tv, + 1z + s, <UL, Zy, Xu; Ya|W, S, S0, Vi
(

)

)

)

™ + T, + Tz, + s, < I ‘/1, Ul, Zl,Xl, 5/2|W Sl, Sg)

When this decoding fails, we will say that “encoding at the sources has failed at block-7,”
and declare an error.

Decoding at the destinations: Destinations perform backwards decoding. We will assume
that before destination 3 processes block-j, it has already successfully decoded my, (j+1) =
(my, (7), my,(j)). This is true for j = J since my, (J) = my,(J) = 1. And, for each j, we will
ensure that from block-j, destination 3 decodes my,(j) successfully thereby ensuring that
the above assumption holds true. Assuming that my, (j), my,(j) is available at destination 3,
we will try to ensure that from block-j, the messages my (j), my, (7), mz (7), and mg, (5)
are successfully decoded. In trying to decode these messages, destination 3 will also try to
jointly decode the message my,(j). The decoding is performed by looking for a unique tuple
of W, Vi, Vo, Uy, Uy, Zy, S1 codewords consistent with the information already known (namely,
my, (7), my, (7)) and which are jointly (strongly) typical with the (7-length) block of signal
Y3 received by destination 3 corresponding to the block-j. Using standard arguments, a high
probability of decoding success can be ensured (i.e., the probability of failure in decoding the
messages my (j), my, (7), and mg, (7) and ig, (j) from what destination 3 receives in block-j
assuming my (7 + 1) is available, goes to 0 as blocklength 7" goes to oo) if the following
conditions are met.

< (21 Ys| Vi, Vo, W, Uy, Us, Sh),

7”U1‘|‘7'Zl <[(U 74; Y3V, Vo, W, Us, S),

rs, + 1z, < 1(S1, Z1; Y|V, Vo, W, Uy, Us),

rs, + ru, +rz, < I(S1, U, Z1; Y3|Vi, Vo, W, Us),
ru, + 1z, < 1(Us, Z1; Ys|Vi, Vo, W, Uy, S1),
Ty, + 1oy, + 1z < I(Up, Uy, Zy; Ys| Vi, Vo, W, Sh),
ru, + s, +rz, < I(Us, Sh, Z1; V3|V, Vo, W, U),
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TUQ + TS1 + 7,U1 _'_TZl S [(U27517U17Z1;}/3|‘/17‘/27W)7 and
(Tvl +TV2) +TU1 +TU2 +T51 +TZ1 S ](VVa ‘/17‘/27 U17U2a81721;Y3)-

A similar set of conditions ensure success of decoding at destination 4. If decoding fails
for block-j for either of the destinations, we will say that “decoding failed at block-j” and
declare an error.

For the purposes of illustration, let us see how one of the above conditions is arrived
at. One of the possible error-events under which decoding at destination 3 fails is when, for
block-j, only the following decoding errors occur: my, # my,, my, # my,, and mg, # msg,,
where the”s indicate the decoded values. The probability of this (under random coding as
described above) is

> P((CW, CVis CVas CUL» C245 B8y €y Yy ) € T Iy, my s vy, My, My, Mz, , Mz,

Mz, MUy ,ms,
Mg, , 1Sy, MPVT-COOP; » mPVT-COOPg) ,

where we suppressed the indices for the codewords, and the time-index j for the codeword
indices of the conditioning event. The unhatted codewords have indices from the messages
of the conditioning event, while the hatted codewords are short-hand notations for the code-
words with the corresponding indices replaced by their hatted forms:

Cz, = Czy (mZI » My, My, My, mSl)’
¢s, = cs, (mg,,my ), and

Cuy, = cuy(Muy, My, My ).

We also suppressed the subscript for the d-typical set Tyw.v; vs.,0,,02,21,5:,v5- We will continue
to do that in the sequel; the appropriate subscripts will be clear from the context. Below,
we will also suppress the conditioning event. Then,

a s oa T 5
]P((CW>CVUCV2aCU1’CZ1aCSUCUzaYE’; ) € T)

< > P ((ew, cvss v, cuy ) = (Cw, vy Cva, €y )

(ew Evl EVQ cu ET?

~ o~ o~ T S - o~ o~ o~
'P((CwaCV17CV2>CU1>CZ1763170U27YE?, ) €T (CW76V170V27CU1> = (CW7CV1aCV2>CU1)')

Further,

PO T 5 ~ o~~~
]P)((CW7CVl,CV27CU17CZ:L,CS;17CU27}/:3 ) S T ‘(CWJCV17CV27CU1> - (CW7CV170V27CU1))

= Z IP)((EZU/C\SUEUQ’}/E’)T) = (EZU55'1,EUzv}ﬂéT)‘(CWUCVl)CVQ)CUl) = (EWaEVngsz(h)) ’

(Czl 7051 7$U2 7}/,’3,7—1)67—‘s
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where 79 in the summation index is the set of conditionally d-typical Z;, Sy, Us, Y3 sequences

conditioned on the (W, V;, V4, Up)-typical sequence (¢w, ¢y, , C1s, €y, ). Note that the cardinal-

ity of this set is upperbounded by 9T (H(Z1,51,U2,Ys|W,V1,V2,U1)+6)

P ((6Z17/C\S178U2a§/§r) - (5Z17551aEU2a?})T)‘(CW7CV17CV2a CU1> = (EWaEV175V275U1))
= P((6Z176517EU2) = (5Z175517EU2>|(CW7CV17CV270U1> = <5W75V175V275U1))'

T vT ~ ~ ~ ~
P (}/E’) = }/3 (CWaCV1acV27CU1) = (CW7CV17CV2aCU1)>
< 2—T(H(Z1,Sl,U2|W,V1,VQ,Ul)—(S)2—T(H(Y3‘W,V1,V2,U1)—5)

)

where the first step follows from the independence of the hatted-codewords and what des-
tination 3 receives conditioned on the unhatted-codewords. Combining everything, we can
conclude that the probability of the error-event under consideration is less than or equal to

2T(7‘U2+Tsl+T’Zl7I(U2,S1,Z1;Yg‘W,Vl,VQ,U1)73€+36)
)

which goes to zero as the blocklength T goes to oo if we choose 0 < § < €, and the rates
satisfy the condition

TU2 +TSl +TZl S [(U2751721;S/3|VV7 ‘/17‘/27 Ul)

Overall, an error results if for at least one block-j, either encoding fails or decoding fails.
Since there are a finite number J of blocks, by union bound, the above discussion implies that
the probability of error goes to 0 as the blocklength goes to oo when the above conditions
are met. This completes the random coding argument.
(c) This scheme is a combination of the two schemes above. Now, only destination 3 receives
a private message sent cooperatively by the two sources. Hence, only an S; codebook is
present and there is no Sy codebook. The W,V and U codebooks are exactly as in (a) and
(b). The S; codebook is identical to scheme (b). The Z and X codebooks are also similar
and differ only in that the distribution used to construct them has no S5, and there is no
MpyT-COOP,- Hence, we may set Zo = Xo, and set Xy codeword to be identical to the Z,
codeword.

The encoding at node 1 proceeds exactly as in scheme (b) above except that, since there
is no Sy codeword, node 1 need only decode the V,-codeword. Unlike in scheme (b), node 1
treats all the other codewords from node 2 as noise when decoding the V5 codeword. Thus,
the only condition imposed by decoding at node 1 is

ry, < I(Va; Y1|W, Sy).

Encoding at node 2 is exactly as in scheme (b) except for the fact that there is no S
codeword. Decoding at the destination 3 is identical to that in scheme (b) while that at
destination 4 is identical to that in scheme (a).
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B  Proof of achievability of Theorem

If we fix n13, n14, ng3, and ne4, and consider the w;’s in — as functions of ng, the
sum-rate expression in Theorem [1] (as a function of n¢) breaks up into four natural regimes.
We use different strategies to achieve the sum-capacity in different regimes. The regimes
are:

. def .
(1) ne < Nmin = min(ny 3, M4, N2 3, N24). It can be shown that for ne > Ny,

u1(ne) > min(us(ne), us(ne), ug(ne), us).

Hence, we need consider u; only in the regime ne < nuy,. Moreover, in this regime,
ug(ne) through uy(ne) are constants (i.e., they do not depend on ne and their val-
ues are the same as when ne = 0). Since u;(n¢) is monotonically increasing in ne, this
means that we need to employ cooperation only when u;(0) < min(us(0), u3(0), us(0), us),
1.e., when

max(ny 3 — N4, Na3) + max(ng g — n1.4,M14)
< min(max(ny 3,n23) + (max(ng 4, n23) — Nas),
max(ng4,n14) + (Max(ny 3, M14) — Nia), 13+ Noa). (13)
When the above condition is not true, the sum-rate expression reduces to the sum-
capacity without cooperation. We show below how Theorem [{f(a) implies that the

sum-rate expression is achievable in this region, both when cooperation is required and
not.

(i) Nmin < ne < min(ngs,n24). In this regime, we can observe that the sum-rate expres-
sion takes on a constant value since us(nc), ug(ne), and uys(ne) are still constants.
Hence, the achievability here is implied by the achievability in regime (i).

(ili) min(ny3,n24) < ne < max(ny s, no4). In this regime, we use Theorem (c)

(iv) max(ny3,n24) < ne. The sum-capacity is achieved in this regime by applying Theo-

rem [|(b).

For integer q satisfying 1 < ¢ < n, we define
def n .
Fo={evelF":2;,=0,i<gq},

i.e., all vectors in ¢ such that their components in the range 1,...,q are zeros. We take the

indexing of the elements of vectors to start from the top as usual. For example, for binary
field and n = 4,

Fy =

o O O O
}—kO\'OO
o= O O
== o o
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Regime (i): When the condition holds, we consider a restricted regime of no where

u1(ne) < min(ug(ne), us(ne), ug(ne), us).

Since uq(n¢) is monotonic in ng, it is enough to prove achievability in this regime to obtain
achievability in regime (i) when holds. We make the following choices for the auxiliary
random variables in Theorem (a): W, Vi, Uy, Zy, Vs, Uy, Zy are independent of each other and
uniformly distributed over their alphabets which are as follows — Vi, V5 € F*, Uy, U, € F,.,

Zy € Fay,, and Zy € F,,,. W is independent of all these and has the same cardinality as
(V1,V32). X7 and X, are defined as

X1 =Vi+U + 4,
Xy =Vo+Us+ Zs.

This defines pwpv; v, x,|wPvs,vs,xojw- These choices are such that destination 4’s observa-
tion does not depend on the “private” signal Z;, and, similarly, destination 3’s observa-
tion does not depend on Z,. With these choices, the conditions on the non-negative rates
TV Ve, TUL, TU» T2y, TZ—2 after removing redundant conditions are

7"V1 S nc
Tz < [n1s— N4l
ru, + 1z <nig—ne,
Ty, + Tz, < max(ni g — nyg, N2z — Ne),
7/'U1 + TU2 + TZ1 S maX(”l,i’) — e, 77/2,3 - nC)a
Ty, + 1y, + o, + T, + 1z, < max(ng 3, nag),

and the corresponding inequalities with subscripts 1 and 2 exchanged, and 3 and 4 exchanged.
Further, we make the following choices for the rates.

Tz, = [n173 - n174]+,

Tzy = [712,4 - n2,3]+,
v, = Tv, = Ne,
Ty, = max(ngy — N3, M4 — o) — [Naa — Na3ly, and

Tu, = maX(nl,g —MN14,N23 — nc) - [n1,3 - n1,4]+,

where [z], = max(z,0). It can be shown that under the restricted regime of n¢, these
choices satisfy all the conditions above. The resulting sum-rate is u;(n¢) as required.

When condition does not hold, as we mentioned earlier, it is enough to prove that
the sum-rate at nc = 0 is achievable. We apply Theorem (a) where we set W, Vi, V5 to be
absent, and Uy, Us, Z1, Z5 to be independent and uniformly distributed over their alphabets.
U,Upy € 8", Zy € Fuyyy Zo € Fayy, and Xy and X, are defined as

Xlz‘/l—f_Ul—'—Zl;
XQZ‘/Q+U2+ZQ.
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The conditions on the non-negative rates ry,, ry,, 7z, , rz—2 after removing redundant condi-
tions are

rz, < [n13— ni4l,
ru, +rz < nys,
ru, + 1z, < max(ny g — ny4, nag),
ru, + ru, + 1z, < max(ng s, nas3),

and the corresponding inequalities with subscripts 1 and 2 exchanged, and 3 and 4 exchanged.
Applying Fourier-Motzkin elimination, we can show that a sum-rate of
min(u(0), u(0), uz(0), us(0), us) is achievable.
Regime (iii): Without loss of generality, let us assume that ny 3 < ne < ng4. We will apply
Theorem (c) in two different ways to show achievability in this regime. The first application
covers (1) ngy4 > ny 4, while the second covers (2) ngg < nj 4.

For case (1), ng4 > nq4, we use the following choices for the auxiliary random variables:
U; is a constants. Ug,Vl,Vg,Zl,ZQ,ng, ngg), and S] are chosen to be independent and
uniformly distributed over their alphabets. The alphabets are: Vi,V, € F"*, Z; € F, ,,
Zy € Frys 51,3 € F?, S] € Fuax(nisimia)s 52%3 € Fny, and Us € F,yy , where ne (ng < ne) is
to be specified. W is independent of all these and has the same cardinality as (V4,V5). We
define X; and X5 as follows

Xi=Vi+U+Zi+ S5+ 5,
Xo = Vo + Us + Zy — S™47™45, 5+ S
with the result that
Y3 =S"""3(Vy+ Zy) + 8" (Vo + Us) + 54
Yy = 8S"TA (Vo + Uy + Zo) + 8" 22 (1)),
where we defined
S (S"7ms — Sn_n2’3+n2’4_n1‘4)§1,3 + S”_”2’352L,3.

We set 1y, = 0 and the conditions on the other rates (after removing the redundant ones)
are

rs, < [nc — max(ny3,n14)]+

rv, +ru, +rz +rs < ne,
< /
TVQ -~ nc,

Tz, < [n13— Ny,

ru, + 17, < max([ny 3 — ni4le, n2s — ng),

max([ny 3 — nyal+, 23 — (Noa —n14)), i nis+nes #nia+nos

rs, + 1z, < :
51 ' = | max([nis — ni4le,nos — naa), otherwise,
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maX([nl,g - n1,4]+, No3 — n’C, No3 — (n274 - n174)), if Nn1,3+ No4 7é Ni4+ Na3

Ty, +Ts, + 1z, < / .
2 ! ! max([ny 3 — N1 4|4, a3 — NE, N2g — Noa), otherwise,

(rv, + 1) + 1y, + 18, + 727, < max(ng g, nag),

Tz, < [N2a — Naslt,
ruy + 1z, < max([nog — nosly, Ny — ne),
(rvi +7v) + 71Uy + 72, < max(ngg,ny4).

By Fourier-Motzkin elimination, we may conclude that an achievable R; + R, is given by
the smaller of uy(nc), us(ne), us(ne), us and

[nc — IIlaX(?”LLg, n1,4)]+ + max(n274, TL174) + l'IlaX([?”LLg — 72,1,4]+, Ng3 — Tllc) +nec + n’c + [Tlg74 — n273]+

2

The last term above can be shown to be not smaller than the minimum of us(n¢), us(ne), us(ne)
and ug if ng, is chosen to be such that u;(ng) = min(us(ne), us(ne), us(ne), us) if ui(0) <
min(uz(0),u3(0), us(0),us), and ni; = 0 otherwise. Note that from earlier discussion, we
know that this choice of ny, must be less than or equal to nc.

For (2) naa < nia, we apply Theorem [ffc) with the same auxiliary random variables
VV,UI,UQ,VI,VQ,ZI,ZQ,S%,Si as in case (1) above. But instead of 51,3, we define 52,3
which is independent of all these random variables and distributed uniformly over F". We
define X, and X, as follows

Xi=Vi+ 2+ 8" 718, + 5,
X2=V2+U2+Z2—§2,3+52L,3
with the result that

}/3 _ Sn—n1,3(‘/1 + Zl) + S 23 (‘/2 + U2> + Sla
Y;L _ Snfn2,4(‘/2 + U2 + ZQ) —+ qn—n1,4 (‘/‘1>7

where we define Sl as
def — + — _ o
Sl = (Sn T3TLATN2A Sn n2,3)52’3 -+ Sn n2,35273'

The conditions on the rates (after removing the redundant ones) are the same as in case (1)
except for the following two

max([n13 — nial+,n13 — (N4 — Noa),Nog — Noa), if nig+nos # nig +nogs,

rs, +1rz, < :
51 Y= | max([nys — niale, nas — noa), otherwise,

Ty, +1Ts, T 7z

< max([n13 — nial+,n2s — ng, Mg — (Mg — Noa), Moz — Nog),  if Ny g+ nNog # nyg+nos,
= | max([nys — nials,nos — ng, N2z — N24), otherwise.
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By Fourier-Motzkin elimination, we may conclude that the achievable Ry + R is given by
the smaller of uy(ne), us(ne), us(ne), us and

[ne — max(ny 3,n1.4)]+ + max(ngg,n14) + max([nyz — nial4,Nos — ne) + ne + np + [neg — nasly
5 :

The above term can be shown to be not smaller than the minimum of uy(n¢), us(ne), us(ne)
and wj if ng is chosen as was done in case (1) above.
We can represent the two cases above together using the following notation:

X1:V1+Z1+§1,3+51,
Xo=Vo+ Uy + Zy+ Sy3,

where
g . S 3, if nog > nya,
1,3 = s S :
Sr1aTn24 S, 4, otherwise,
g, . —Sn2aTMaA S, 5 4 Sigy if no 4 > nya,
2,3 = S .
—So3 + Sy, otherwise,

with the result that

Y3 =S""3 (Vi + Zy) + S"T23 (Vo + Us) + Sy,
Yy = S""24 (Vo + Us + Zo) + S" "4 (V4),

where B
g dof { (Snms — QrmzatnzaTmA) G o 4 Snfnz,sggb’ if ngy > ny 4,
=

(Srmmstmaznaa _ Qnena3) G, o 8723 G otherwise.

We will use a symmetric form of this notation below for regime (iv).

Regime (iv): Application of Theorem [f(b) with the following auxiliary random varlables
covers this regime: Uy, Uy are constants. Vi, Vs, 271, Zs, S 3 S, 3 S 4, Sy 4, 52 2 S 4, 91, 55 are
chosen to be independent and uniformly distributed over their alphabets. Also we choose
the alphabets to be ‘/17‘/2751 37523751 4,524 € Fn 7, € fn14; Zy € ./Tnz?), SJ' € JTn24,
517 € Faiss ST € Fmax(m 3mia), and S5 € Fmax( (nz.amaz)- W is independent of all these and
has the same cardinality as (Vl, V,). Further, we deﬁne X1, and X5 as follows

X1:%+U1+Zl+g173+»§174+51
X2=%+U2+ZQ+52,3+§2,4+557
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where

Siz= S1,35 N if a4 2 m1g,
: SmaTn24G) o otherwise,
5' B _Sn2,4*ﬂ1,45’173 + S;:fi’ lf 77/274 Z 71174,
2,3 = 3 i
—Sy.3 + Sy, otherwise,
5, =] %20 i 15 > na 3,
, Sres=ms S . otherwise,
S B _Sn1,3—n2,35’2’4 + Si47 if n1,3 > na 3,
14 = a i
—S1.4+ Sy, otherwise.

The upshot of this is that

Y3 =8""3(Vi+ Zh) + 8"V, + 5
Yy, = S"" (Vo + Zo) + 8"V £+ Ss,

where
Sn—mn1.3 _ Qn—n23tn2a—nia 5'173 + Sn*n2,35’5:37 if N4 > N4,
SnmmstniaTnze _ Qnen2s) Q) o 4 §non2sGil - otherwise,

(Sn—n2,4 — Sn—n1,4+n1,3—n2,3)§274 + Sn_n1’451l747 lf 7’L173 Z n2,3,
(Sn—n2,4+n273—n173 — Sn—n1,4)5174 + Sn—n1’4sli4’ otherwise.

Si dzef{
Ss d_ef{

With these choices, the conditions on the non-negative rates ry,,rv,,rs,,7s,, 7z, 7z, after
removing redundant conditions are

re, < [nc — max(nl,g, n174)]+,

rv, + Tz, +7rs, < ne,

< [n13 —ni4l+,
s, + 1z, < max([niz — nialy,ns,),
<

(er + TVQ) +rs, +rz

Tz,

max(ni 3, n23),

and the corresponding inequalities with subscripts 1 and 2 exchanged, and 3 replaced by 4,
where

max(niz,nag — (Noa —n14)), if noy >nig and nyg+ noys # nig + nojg,
ng, = 4 max(ngs,nig — (N4 —noa)), ifnos <nigand nig+ngy # nig+ nog,
(N2 — N24)+, if nig+noa =mnia+ngs.

We may apply Fourier-Motzkin elimination to obtain the sum-rate supported by this scheme.
We get a sum-rate which is the minimum of us(ne), us(ne), us(ne), us,. This completes the
achievability proof.
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C Proof of achievability of Theorem

We prove Theorem [2] using Theorem [l Note that we proved the latter for discrete alphabets,
but the extension to the continuous alphabet case is standard and we will assume that version
in this section. This proof will follow the proof of Theorem (1] closely. We first make the
following definitions:

Ty ko d:ef [lOg ‘hk17k2|2]+7 kl? kQ S {17 27 37 4}7 and
TLC = [10g|hc| ]

First, we observe that the following four terms u}, u}, us, and v are within a constant (5
bits) of the corresponding unprimed terms, wuy, us, us, and ug4, respectively

uy = max(ny 3 — 14 + ne, nag, ne) + max(nay — nag + ne, Nyg, Ne), (14)
uy = max(ny 3, ne3) + (max(ngq, nag, ne) — Nas), (15)
uy = X(n2 4,n1.4) + (max(ny 3,114, n¢) — N14), (16)
uy = max(ny 3,nc) + max(ng 4, ne). (17)

Hence, it is enough to show that the minimum of the four terms above and
=t (14 (a4l 4 il + )
+ (Vll,?,h2,4|2 + |hl,4h2,3|2 — 2|hy 3ha ahy ahs 3| cos 9) ); (18)

which is within a constant (3 bits) of us, is achievable. We again consider the same four
regimes as in the proof of Theorem [I}

Regime (1): ne < Nupin def min(ny 3, 114, N23, N2.4). The discussion for regime (i) in the linear
deterministic case continues to hold here as well. Note that us is such that

Us — 5 < // def max(nl,g + N 4,M14 + 71273), if Nz —MNa3s 7& Nia — N24,
; max(nl,:&, n2.4,M1 4, nz,g), otherwise.

Thus, when condition does not hold, the achievability (within a gap of 7 bits from the
upperbound) is implied by the results of Etkin-Tse-Wang [2] (where 2-bit gap comes from [2]
and an additional 5 bits were incurred above). And, when condition holds, we need
only show achievability in the restricted regime of ng where

uy(ne) < min(uy(ne), us(ne), wy(ne), ug).

We employ Theorem [4f(a) using the following auxiliary random variables W, Vi, U, Z1, Va, Us, Zs
are zero-mean Gaussian random variables and independent of each other with the following
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variances:

2 2
O’Vl—O'VQ—l/K,

/K
2 _ 2 _
0T 0 T ax(L [hel)’
1/K
2
- and
7% T max(1, [ha?)
2 1/K

7% = tax(L, |has]?)’

where K is a constant which will be specified soon. W is independent of all these and has
the same distribution as (Vi, V5). X; and X, are defined as

X1 =Vi+U + 2,
X2:‘/2+U2+ZQ.

In order for the power constraint to be satisfied, it is enough to have K < 3. This defines
PWDVLL UL X WDPVa,Us, Xolw-  These choices are such that the “private” signal Z; appears at
destination 4 with less power than the noise, and, similarly, Z, appears at destination 3
with less power than the noise. With these choices, the conditions on the non-negative rates

Vi Vo TUL TUy» T2y, T2, ATE

hol?/ K
o < log <1+’C|/>

2/K + 1
ry <log 1+ |ha 3%/ (max(1, |hy4]*) K)
1= 1/K +1 ’
ro 1 < log 1+ |h13]?/ (max(1, [ho|*) K) + [h 3)? /(max(1, |k 4|*) K)
oot ha = 1/K + 1 ’
row 4 1p <log (14 |h1,3]?/(max(1, [hy4?) K) + |hos|?/(max(1, |ho|?) K)
et = 1/K +1 ’
|h1,3 |h1,3]? |h2,3|?
- ’ + e
max(1,|hc|?)K max(1,|h1 4[2)K max(1,|hc|?)K
rU1+TU2+rzlglog(1+ & 1/K:1 ¢ ,
|h1,3]% |h1,3)? |h1,3]? |ha,3]? |ha,3)?
’ * + + h2al
K max(1,|hc|?)K max(1,|h1,4]|?)K K max(1,|hc|?)K
rv, +1v, Fry, Hru, +rz, <log | 14 = 1/K1—:1 =

Simplifying, we can show that these conditions imply that non-negative rates which satisfy
the same conditions as in the linear deterministic case (up to a constant) are achievable.

ry, < ng —logb

rz, < [n1s—niale —log4,
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ry, + 7z < ni3 —ng — 10g 4,
Ty, + 1z, < max(ng s — nig,nNog — ne) — log4,

ru, + ru, + 1z, < max(nys — ne,nag — ne) — log4,

IA AN A

v + T + Ty, + Tu, + 7z, < max(ng 3, nas) — log4,

and the corresponding inequalities with subscripts 1 and 2 exchanged, and 3 and 4 exchanged.
Note that the right hand sides above should be interpreted as zero if they evaluate to less
than zero. We will tacitly assume this for similar conditions in the sequel. Further, we make
the following choices for the rates.

Tz, = [n13 — n1a)y — log4,
Tz, = [n274 — n273]+ — lOg 4,
Ty, =1y, = nco — logh,
ry, = max(ng 4 — nNag, N4 — Ne) — [Rea — nosly —log4, and

Ty, = max(nLg —Ni14,N23 — nc) - [n1,3 - n1,4]+ — log 4,

where we interpret the rates as zero if their values work out to less than zero. It can be
shown that under the restricted regime of n¢, these choices satisfy all the conditions above.
The resulting sum-rate is u)(n¢) within a constant gap (of at most 13 bits) as required.
When condition does not hold, as we mentioned earlier, it is enough to prove that
the sum-rate at nc = 0 is achievable. We may invoke the achievability proof of Etkin-Tse-
Wang [2] to conclude that a sum-rate which matches our upperbounds (up to a constant) is
achievable. Thus, overall, in regime (i), we may conclude that the upperbound is achievable
within a constant gap of 18 bits.
Regime (ii): Nin < ne < min(ny 3, n2.4). As in the linear deterministic case, the achievability
in this regime is implied by the achievability in regime (i).
Regime (ii): min(ny 3,n24) < n < max(ny 3,na4). Without loss of generality, let us assume
that n13 < ne < ng4. We will apply Theorem (c) to establish the achievability. We
consider two separate possibilities: (1) |ho4| > |h14] and (2) |hoa| < |h14l.
(1) When |ho4| > |h14] (which implies that nos > n;4), the auxiliary random variables
are as follows: U; is set to a constant. Us,, Vi, Vs, 24, Zs, 5173, 52%3 and S] are independent
zero-mean Gaussian random variables. Their variances are as follows

2 92
O’Vl—O'VQ—l/K,

2 1/K

Iu, = 712\

max(1, |he[?)

2 1/K

g = ———— 7
= max(, [hraP)’
, 1/K

g = ———— 7
Z2 max(l, ‘h273‘2)7
2 _

O-§1¢3 = ]_/K,
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1/K

2
Oa — !
517 max(1, |hy 52, |h14]?)
1/K
Ugu_ = /

where K and k. (0 < k) will be specified. Let us define n}, & [log A’2],. We will pick a hl,
such that n{, < min(ne,nes). We set W to be independent of all these and have the same
distribution as (V7, V5). We define X3, and X as follows

X, =WVi+2Z+55+8),
|h14‘630/2
a4

This satisfies the power constraint if K < 5 (where we used the fact that |hy 4| > [h14]). Let
Sl = (5'173, S;:?)) and

Xo=Vo+Us+ Zy — 5134—5;3

— <|h173| o |h,14||}|)/h2|3|6 )S + ’h23|6]0/28l
2,4

Then
Vs = |hys|(Vi+ Z1 + S}) + S1 + N3,
Yy = |hou|(Va + Uz + Z5) + |h1,4|€j9/2(V1 + 71+ 57) + |h2,4|5i3 + Na.
The conditions on the rates are
rs, < log (14 |hel*/(max(1, [hy s, [hial*)K)),

hel® |hc? )
max 1 ’hl 3|2 |h1 4| ) max(1,|h1,4|2)K ’

—_

+

rz, + 15, <log

12
|ha,2 [1.sl1ha,al—Ii,allh2 sle | 2,32
max(1,|h1,4]|?)K |ho 42K max(1,|hz4|?) K

2/K +1 ’

rs, + 7z, <log

rv LTy 1+ |hc|2 el el
Vi 2 Sl max(l, |h1,3|2, |h174|2)K max(l, |h174|2)K ’
\hel? /K >
T S 1 + )
" g( |he|?/(max(1, |he|?) K) + |hel?/(max(1, [hos|?) K) + 1
|hy3|?/(max(1, [hy4]?) K)
<1 1
"7 = g( * 2/K + 1 !
h 1, |h h 1, 1A
roy 47 < g<1+| 1,3)?/(max(1, |hy4]? )2/)K++| 123| /(max(1, |hp|?) K ))7
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TUQ + rsl + 7’Z1

hy 3)2 ‘|h1,3||h2,4|—\h1,4\|h2,3\6'76‘2 |ho.s|? i |ha.3)?
max(1,|h1,4|2)K |ho.4|?K max(1,lh2 4|?)K max(1,|h’|2)K
<lo 1+ ' : ! ¢ ,
=08 2/K + 1
(rvi + rv) + 710, + 15, + 72
lh1,3 [h1,31? |‘h1«3Hh2’4‘*‘h1’4”h213‘€j9|2 k2,3 4 |ho,3[? + |h2,3|?
< lOg 14 K max(1,|h1,4|?)K |ha, 42K K max(1,|ho.4]|?)K max(1,|hi[?) K
- 2/K +1
ho 4|? 1, |hos|P K
vz, < log 1Jr| 9.4]%/(max(1, [hy3]?) ’
3/K 1 1
ho 4|? 1, R PK ho4|? 1, |hos| VK
s < tog (13 Va2 (max(L G P)E) + Vo (max(L s )\
3/K 1 1
|ho,4|? |ho,a]? + |ho,4]? |P1,4]?
K max(1,|h,|?)K max(1,lh2,3|?)K K
rv, +71 r rz, <log |1 c ’
(Vl V2)+ U2+ Zy > 10g + 3/K—|—1

Upon simplification, the above conditions imply that non-negative rates which satisfy the
conditions below are achievable.

rs, < [nc — max(ny 3, n14)]+ — logh,

v, +7z +1rs, < ng— log 5,
rv, < ng —log7,

rz, < [nis—niale —log7,

Tu, + 1z, < max([nys — i), Nos — n'c) —log7,

rs, + 72z
2

‘ ha s
max(1,|ha4l)

2 )
| |h1,3’|h2,4| - ‘h1,4‘|h2,3‘€j0

_I_
ha 4

)

his
<log |1+ :
s ( max(1, |y 4])

2

) —log 7,

2

) —log7,

Ty, + 75, + 77
2

ha 3
max(1, |hy|)

his
hy 4

‘ h2,3
max(l, |h274|)

2 2 ;
sl Pl Pl

<log 1+
g( hoa
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(TVl + 7,Vz) +ry, s, Tz < maX(nl,g, 77,2’3) — log 7,

Tz, < [n24 — nasly —logs,
ru, + 1z, < max([nog — nasly, nog — ng) — log8,
(rvy + 1) + 1y + 72, < max(ng g, ny4) — log8.
Note that the conditions on the rates are exactly as in the linear deterministic case up to
a constant except for the constraints on rg, + rz, and ry, + rs, + rz,. By Fourier-Motzkin

elimination, we may conclude that a sum-rate R; + Ry within a constant (9 bits) of the
smaller of ub(ne), us(ne), u)(ne), uy and

[ne — max(ny 3,n1.4)]+ + max(ngq, n14) + max([ny3 — n14l4, a3 — Ne) + ne + ne + [nog — nasls

2
is achievable. The last term can be shown to be not smaller than the minimum of u}(n¢), us(ne), uy(ne)
and uf, if ny is chosen to be such that u;(ny) = min(uz(ne), us(ne), us(ne), us) when

u1(0) < min(uz(0), u3(0),us(0), us), and ny, = 0, otherwise. Note that from earlier discus-
sion, we know that this choice of ny, must be less than or equal to ne and all n; ;, @ € {1, 2},
J € {3,4}, and in particular ng 3.

(2) When |ha 4| < |hy4| (which implies that ns4 < ni4), we apply Theorem[4](c) as in case (1)
above with the same choices for the auxiliary random variables W, Vi, Vo, Uy, Uy, 21, Zs, SQLS, Si.
But, instead of S, 3 we now define an independent, zero-mean Gaussian random variable S, 3
with variance 0%2 L= = 1/K. The conditional distributions of X; and X, are defined through

\h2al & )
X\ =+ - —=-85 S’
Xy =Vo+Us+ Zs + Sa3 + Sy,

which satisfies the power constraint if we set K < 4 (since |hg4| < [h14|). We define
51 = (5273, Si?)) and

; hy || ho4le™70/2
— <|h273|€ﬂ9/2 | 13|||h24|| >523+ |h23|6]9/25d_
14

The joint distribution of the signals received at the destinations is given by
Yy = |hg|(Vi + Z1 + S7) 3’ (Va+ Us + Zo) + Si + N3,
Yy = |hou|(Va+ Us + Z5) + |h1,4|€j9(v1 + 71+ 51) + |h2,4|5i3 + Ny

The simplified conditions on the rates are identical to those in case (1), except for the
following two

hi3 |h1 3/|ho | — sl | hys|®
<1 1 —= —log6
houl> |R —N\hyallhosle®® ] |hos|
ru, +rs, +1rz <log |1+ 2,’4 ‘ 1’3 [Pl s + 22— log 6.
he W hia ho.4
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Applying Fourier-Motzkin elimination and choosing n, as in case (1) completes the achiev-
ability proof (to within 9 bits of the upperbound)

Thus, we may conclude that the upperbound is achievable with a gap of at most 9 bits
in regime (iii). Note that we may represent the two cases together as follows:

X, =Vi+Z + S35+ 5,
Xo=Vo+ Uy + Zy+ Soy,

where
5 Sh.3, if |hoa| = [hal,
1,3 = lhoal & i
— e Sy3, otherwise.
|h1,4|ej‘9/2 ~ 1 .
Syg =14 _ lhadl Siz+ 533, if |ha.al = |hal,
23 =93 ’ :
So.3 + Sy, otherwise.
This gives

Yy = |hual (Vi + Zu+ S1) + [hoale?®*(Va + Uz + Z5) + Sy + Na,
Vi = houl(Va + Uz + Za) + |hos|e”® (Vi + Z1 + S) + |hoal S5 + N,
where, we define S; = (Sy 3, S1 3, SQJ:?)) and

Sl = |h273|6j0/251273 + |h1,3

Si3+ |h2,3|€j6/25i3-

The distribution of 57, S we will employ in regime (iv) below is a symmetric generalization
of this.

Regime (iv): max(ny3,n24) < ne. In this regime, we employ Theorem(b) as we did for the
linear deterministic case. Uy, U, are constants. Vi, Va, Z1, Zs, 5173, 5273, S1.4 5274, 52%3, SfA, S, .S
are independent zero-mean Gaussian random variables. Their variances are as follows

2 2 _
UV1 _0V2_1/K7

) 1/K
0y = ——F 0,
' max(1,]h14]?)
) 1/K

7% " max(1, [hasP)’

ok =1/K, ie{1,2}, j € {3,4},

Sij
UKk
Sta max(1, |hy3?)’
o UK
52,3 max(l, |h2,4‘2)’
) 1/K
Oqgr — ’
S1 max (1, |h1 3]2, |h1.4]?)
1/K
O'gv/ - /

2 max(1,|hoal? |hasl?)
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where K is to be specified. We set W to be independent of all these and have the same
distribution as (7, V5). We define X3, and X as follows

Xi=Vi+27, +§1,3+5'1,4+Si>
Xo = V2+Z2+§2,4+51,3+Sé7

where
g S1.3; if |ho4| > |h14],
1,3 = lhoal & .
_W‘S’Qﬁv otherwise.
‘h1,4‘ej6/2 o 1 .
523 = " lh2l 51’3 + 52,3’ if |h2:4| > |h174|7
7 So.3 + Sig, otherwise.
S S2.4, if [hy 5] > [hasl,
2,4 = lhisl & .
_Wsm, otherwise.
‘h2,3‘€j9/2 o~ 1 .
S a=1{ — Thusl Soa+ Siy i [hag| = [hagl,
7 S1a+ SlLA, otherwise.

To satisfy the power constraint, it is enough to choose K < 7. Also, we define S; =
(523>513>523) Sy = (3174,S274,S1%4),and

2,3y

Thus, S; and S, are independent of each other. Note that we defined 5’1,3 and 5*273 in the
same way as we did in regime (iii). The destinations receive

Vs = |hys|(Vi + Z1 + S7) (Va+ Zo + Sb) + Sy + |ha 3] Sty + Na,
Yi = lhoal(Va+ Zo+ 85) + haale”? (Vi + Z1+ S7) + Sy + [haal S35 + Na
It must be noted that |hy3|S;, and |hy4]S55 have variances at most unity (which is the

variance of the noise). Since U; and U, are constants, we must set ry, = ry, = 0. The
conditions on the non-negative rates are as follows.

rs, < log (1+ [hol?/(max(1, by, [ha?) K))
rz 1 < log (14 |hol?/(max(1, [hya|*) K) + [he |/ (max(1, b 5], [ ) K))

|he? e ?
max(l, |h174|2)K max(l, |h173|2, |h174|2)K ’

|h0|2
ry, + 71z, +7rs <log |1+

|h3]?/ (max(1, [hy4]*) K ))

r21§10g<1+ UK +1

36



log
7’51 + TZ1 S

log

(TV1 + TVQ) +rg, + 7z

|

2
lhy 3l

12
|h1,3llh2 41 =Ih1 4llha 3]e

[ho 3l

[h1,4]

[ha 4l

)
/K

[ha 4l

1/K+1

|

2 jo |? 2
lh1 3l |h1,3llh2 4l—1h1 4llh2 gle lha 3l /K
[h1 4l [h 4l [h 4l
1/K+1

12
2 0 2
5 | 11,31 5 | 1h1,31lh2 al—1h1 4llRo 3|e? [ho 3]
<|h1a3| Har| Fhasl+ Tzl ol | /K
log | 1+ TR
< 2
- 2 0 2
2, | 1P1,3l o | 1r1,3llha 4=y 4llhg 3]e’ |ho 3l
<|h1’3| + [h1,4] Hha,s[*+ [hy,4] [ha 4] /K
log | 1+ A/K+1

Y

9

’

Y

if |hoa| > |h1 4]

otherwise

if |hoa| > |h1 4

otherwise

and the corresponding conditions with 1 and 2 interchanged and 3 and 4 interchanged. On
simplifictaion, this implies that non-negative rates which satisfy the following conditions are

achievable.
rs, < [nc —max(ny g, ni4)ly —log7,
TV1 _I_ Tzl + Tsl S nC’ - log 77
Tz, < [n1g —nialy —log1l,
012 2
|h13] | ’\hl,g|\hz,4\—|h1,4||h2,3|e19 lhasl |*\ _
ro L1y < 1Og 1+ }|h1,4\ + [h2,4] [h2,4| log 11,
S1 VA Ih 2 02 2
[h,3] |h1,3]|h2,4|—=|h1,4]|h2,3|e? )M .
log (1+ ||+ ol T lhaat] ) ~ o8 1L,

(rvi +71,) + sy + 17, < max(ng 3, ngsz) — logll,

if |ho4| > |1 4]

otherwise,

and the corresponding conditions with 1 and 2 interchanged and 3 and 4 interchanged. Note
that these conditions are identical to the ones for the linear deterministic case (up to a
constant) except for the ones on rg, + 77, and rg, + rz,. Fourier-Motzkin elimination shows
that a sum-rate given by the minimum of uj(n¢), uj(ne), uy(ne), and ug is achievable in

regime (iv) up to a constant of 7 bits.

Thus, we can conclude that the upperbound is achievable within a constant gap (of 18

bits).
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D Source cooperation: upperbounds

We prove four upperbounds to the sum-rate which will together imply the upperbounds in
Theorems [l and 21
Upperbound 1: From Fano’s inequality,

T(Ri + Ry — o(e)) < I(My;Yy') + I(My; Yy
< T(My Y3 Iy 4 (XT), By (X)), hs 1 (X))
+ I<M27 Y;,LTv h;,B(Xg)a hT,Z(XlT)a h;,l(Xg))

Note that we have provided additional signals to both the destinations — for instance, des-
tination 4 now has access to hj,(X[), hi,(X{), and hj,(X])) in addition to its channel
output Y;'. We will now upperbound the two symmetric mutual information terms above;
only the first term is shown below.

I(Ml;YE,’T,hh(XlT),h’iQ(Xf), h;1(X§))
= H(hh(X{% hT,Q(X{)a h;,l(Xrér)) + H(Y},T|h>f,4(X1T)’ hi2(X1T>» hgl(X2T>)
— H(YS', b f(XT), 1y o (XT), By (X)) M)
< H(PY 4(XT), 0 o(XT), sy (X3)) + H(Y5 [R5 4(XT), 154 (X5)
— H(Yy 1y 4(X7), 1 o(X7), by (X3) | ML),

We now derive an upperbound for the third term.
H(Y},T,hh(XT) hio(X7), 151 (X3)[ M)

= ZH (Ya (1), Ay a(X1 (1)), Py o (X1 (1)), iy (Xa(0) Y50 R g (X071, b (X0, gy (X570, M)
t=1

= Z (h’z‘a (Xa()), 7 4 (X0 (1)), B (X (1)), B 1 (Xa(8))| X7, 15 5(X571), BT 4(X571),

h;2<Xf-1>,hz,1<X5-1>,Ml)

S 0 )X 0) + H(A o ) 0)

3 (al0). B (X)X 3 (X5 (XL, (), 15, (X0, )
93 B COEI0) + HOLC60)%(0)

B (Xa(0). 5 (Xl (XE). WX ). B (X))
S H (8 (6 + HO 06 ()X (0)

3 (a0, X (0). 5 (K0 XE ). WX ). B3 (X5)
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— H (I} 5 (X1 (1)) |73 5(X3), hi o(X171), b3, (X3))

2 (0 (X5 ()15 (0) + H (0 (53 () X3 (0)

+ H (h3 5(Xa(t)), b o(Xa(8)), b3 (Xa(t)) B3 5(X571), b 5(XT70), b3 1 (X57))
= H(hi (X0 (1))[h7 o(X77))
)

= H(h;,3(X2T>7 hT,Q(XlT ’h;,l(X2T>> - H(hb(XlT))
" (2 H (01X (8) + H (X (6)|X <t>>)

where (a) follows from the following facts: (1) Y3(s) = h13(X1(s)) + h33(Xa(s)), (2) hys is
a deterministic function, and (3) X;(s) is a deterministic function of My, h3,(X5™"), for all
s < t. Equality (b) can be seen from the channel model by which, conditioned on X;(t), the
following three sets of random variables are independent: (1) hj ,(X1(t)), (2) hi(X1(t)),
and (3) M; and all other quantities with indices up to and including ¢. The next equality
(c) is a consequence of the fact that the following is a Markov chain

(Ma, X3, b3 5(X3)) — (W o(X{71), 3, (X571) — (M, X7).

This follows from (1) the channel phiz(xl)ihil(X2)7h§,3(X2)‘X17X2 = ph’l‘g(X1)|X1ph’2‘71(Xg)\leh;:;(Xz)\Xza
(2) the independence of M; and M, and (3) the fact that the channel inputs depend deter-
ministically on the messages at the respective sources and what these sources have received.
Equality (d) is just the chain rule of entropy, and the inequality (e) follows from the non-
negativity of mutual information.

Combining everything, we have

(B + = ofe) < {HOG I 08715, (XD) - SO Xal )|
{H hTQ X tzT;H h]kz X1 )|X1(t))}>

- ({H(Yfm S(XT), by (X)) XTjH (ha(Xa(t )IXl(t))}

M=

+{H05,060) - X 105, 00010 | )

t=1

Linear deterministic model: Evaluating the bound directly gives us

Ry + Ry < max(ni3 — ny4,na3 — ne, 0) + ne + max(ngg — nas,nig — ne, 0) + ne.
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Gaussian model: Consider the first bracketed term.

7 EO X1, X)) — 3 05, (a0 a0 |

1 14 1%
< fH(YgT — hyshijhi ((XT) — hoghy 1hs 5(X3)) — H(N3)

= H(N3 — hy 3h—1N4 — hashy1N1) — H(N3)

his|® | hos 2)

hia|  |hag
; {H(hi2<xf>> - ZH(hiz<X1<t>>!Xl<f>>}

t=1

< log (1+ +

1
= TH(hLQXIT + N&) — H(Ny)
S IOg(l —f- |h172|2).

If |h¢| < 1, we do not subract the term hashy1hj5(XT) while upperbounding the first
term. This gives

;{H(Yﬂh JXT), g (XT)) §TjH (B3 5(Xo(t )IXz(t))}

1
< TH(Y},T - hl,shf,};hh(X?)) — H(N3)
= H(N; — hizhiiN{ + ha3X;) — H(N3)

2
+ |h2,3|2) .

And similarly, we do not subtract the term hyshy 3hi 4(XT) if |hy 4| < 1 which gives the
following upperbound for the first term.

his

<log |1+
g( hia

OG0 15, 060 — 32 B850 )

2)
If both |hy4] < 1 and |he| < 1, we do not subtract either terms in which case we get the
upperbound

hos
< log <1+\h13\ +l
2,1

7 ORI 15, (X)) = 30 HOG (X))

<log (1+ (|| + has])?)
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Similarly, upperbounding the second bracketed term and combining, we have

h h 2
R1+R2 Slog (1_|_< ‘ 1,3| + ’ 2,3| )) )(1+|h6’|2)

max (1, |hy4])  max (1, |h¢|

|Pg 4 |74 2 2
e | ’ 1+ |hel?).
s ( i <max(1, |has)) + max (1, |h¢l) (1 + |hc]?)

Upperbounds 2 and 3: We prove upperbound 2 below, the third one follows from a similar
argument. From Fano’s inequality,

T(R1 + R2 — 0( ))

< I(My;Y5h) + I(Ma; Y))

< I(My;Ysh) + I(My; YT by 5(X3), By o(XT), by

< T(My; Y30) + T(Ma; Y{T, b5 5(X5), 13 o(XT), b1 (X5) M)

T
<> I(My; Ys(t)[Ys™)
t=1
+ I(Mo; Yi(t), 13 5(Xa (1)), b o (X0 (1)), by (Xa(0)IYIH R 5 (X5 71), by (X170, b3y (X570), Mh).

Below, we upperbound these terms separately.

I(My Ys(t)Y5™h) = H(Ys(t)[Ys™") — H(Ya(1)[Ys™", M)
< H(Ys(t)) — H(Y3(6)|Ys ™, Y5 hio(X70), hs (X570, M)

< HOA0) — H(XalO)Yi ™ B (X5, (X7, s, (XE), My),
where (a) follows from the fact that Y3(t) = hy3(X1(t)) + h33(X2(t)), and, hy 3 is a deter-
ministic function and X (¢) is a deterministic function fi, of (My, h3,(X57)).
I(Mz;Ya(t), hs 5 (Xa(8)), b o(Xa(8)), sy (Xa(O)|YF ™ A3 5(X57h), o (X1), Ry (X71), M)
= I(Mo; b 5 (Xa () VI, h5 5 (X570), b o (XT0), by (X57), M)
+ I(M2; }/4(75)’3@:_1’ hz,g(X§)7 h}"?(Xf_l), h’é,l(XS_l), Ml)
+ 1 (Mo i 5(Xa (1)), 1y (Xa(0) Y, B3 5(X3), b o (XT70), by (X57), M)
We upperbound these three terms separately now.
I(Ma; hs (X () [YI ™ B3 5(X570), o (XT0), b3 4 (X5 71), M)
= H(h§’3(X2(t))|Kf_1, h§73(X§_1), hT,z(Xf_l)’ h;,l(X§_1)7 Ml)
— H (W55 (Xa(0)|YD ™ b5 (X571, Bl o(X170), b3 (X570), My, M)
I(Ma; Ya(0)[Y7 03 5(X5), o (XT70), by (X 71), M)
= H(Yi(O)IY] ' b3 5(X3), hi o(X171), b3,y (X570), My)
— H(Ya(O)IY] ™ hs5(X5), o (XT70), hs 1 (X571), My, M)

& HYAIX (1), b4 (Xa(0)) — HOGIX (1), Xal0),
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where (a) follows from the channel model (memorylessness and independence of the noise
processes at the different nodes) and the fact that X;(t) (Xa(t), resp.) is a deterministic
function fi, (fas, resp.) of (My, g, (X5™)) ((Ma, b o(X{7)), vesp.).
I(Ma; b 5 (X1 (1), sy (X2(O)IY], b3 (X5), b (X171, b3 1 (X57), Mh)
(a) * * * _ * _
= (Mo by (Xo(D))|Y5, b5 5 (X5), b o (X770, b3y (X571), Ma)
= H (31 (Xa(0)[YY, b5 5(X3), i o(X170), b3, (X570, M)
— H(hj 1 (Xa())|Yy, B3 5(X5), b o(X170), b3y (X571), My, M)

S H (b, (Xa(6))[Ya(), B o (Xa(t)), Xa(8)) — H (B, (Xa())|Xa(t)).

where (a) follows from the channel model (memorylessness and the independence of the noise
processes at the different nodes) and the fact that X;(¢) is a deterministic function f;, of
(M, b3, (X571)), and (b) follows from the facts above, its analogue for X5(t) and the channel
model.

Combining everything, we have

T(Rl + R2 — 0(6)) S

T
t=1

(s
— H (hg 5 (Xa(0)) Y3 ha s (X571, A o(X170), by (X570, M, M2)}
+ {HYA(0)|X1(1), b 5(Xa (1)) — HYa(t)| Xa(t), Xa(t)) }
+ { H (R (Xa(0))[Ya(t), b5 (Xa (1), X2 (1)) = H (15,1 (X ()| Xa (1)) }
Linear deterministic model: Suppose ne < max(ns 4, n23), then evaluating the upperbound,
Ry + Ry < {max(ny3,n23) — 0} + {[ng4 — nasly — 0} + {0 —0}.
Otherwise, if nc > max(ng4, no3) we have either: (a) nc > nag > nas in which case, we

lower the noise level at node 4 by ng — nay4 level by defining n), = nyg + (nc — n24) and
ny 4 = nia+ (nc —na4). Now the upperbound evaluates to

Ry + Ry <max(ny3,n23) + ne — nag = ne + [N1g — Nasl4,

or (b) ng > ng3 > ney in which case, we lower the noise level at node 3 by n¢ — ng3 by
defining 7} 3 = ny 3+ (nc —ng3) and nh 3 = ng 3+ (nc —ng3). Now the upperbound becomes

Ry + Ry < max(ny3,n23) + ne — nog = ne + [n13 — Na s+
Hence, without any conditions on n¢, ns 4, n2 3, we have

Ry + Ry < max(ng4,nos, ne) + 13 — nasl+.
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By symmetry, we also have
Ri + Ry <max(ny3,n4,n¢) + [Noa — N1l

Gaussian model: When |he| < max(|hesl, |h2a4l),

72 (OB ™) — HOG (XY W oK), B (X)X ), M, M)
< ;;H@e(m — H(Ny(1))
< Tog(L+ ([ s] + hzs)?)
S {HOUOI (), 5, (X2(0) — HOWOIG (), Xa(0)}
< 2 S HOG) — b X0(0) — ha s o(Xo(6))) — HONA(D)
= 5 T HNAD) ~ hahghNo(1)) — H(Ny(1)
< log (1 + Z;i ) .

< min (; S H (B3, (Xa(t)) — haahabhso(Xa(t)) — H(N:(2))

LS H 0, (Xa0) — haah3(V50) = b Xa(0) — H<N1<t>>)
~ in ( ST H(N(1) ~ haahNot) = H(N(1).

;.,ZH(NI( t) — h2,1h2_,411N4(75)) - H(Nl(t))>
< tog (1 + min(|hol*/haf?, [hel?/Iha. )

<1

Also, (when |hy 3| < 1) we may upperbound the second term without subtracting ha shy 3h 5(Xa(t))

= Z{ (X1 (8), by 5 (Xa(1))) — H(Ya(t)| X1(t), Xa(t)) } < log (14 [haul®) .

Thus, we have

|hoal®
< 2 1 1 u .
Ry + Ry <log2(1+ (|h1s| + |hes|)?) + log ( T max (1, |hg3|?)
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If |he| > |hoa| > |hos|, we consider the following “enhanced” channel with channel
coefficients indicated by primed quantities defined by

hyy  |hel
hou  |hoa|’
Ria  lhel
hia  |hoa|

It is easy to see that this is equivalent to lowering the noise variance at destination 4 from
unity to |he4|?/|hc|?. Hence, an upperbound on the “enhanced” channel is also an upper-
bound for the original. Thus, we have

|1 4]
Ry + Ry < log2(1 + (|h ha3])?) +log | 1 ’
1+ Ry <log ( —|—(’ 1,3’4” 2,3’) )+ Og( +max(1,|h2,3|2>

hol?
0g 2(1 + (|hy 3] + |has])?) + og( + max (1, |h2,3‘2))

Similarly, if |hc| > |hes| > |haa|, we consider the following “enhanced” channel

Rz  |hel
his n |has|’
hys  |hel
hog  |hasl|’

which is equivalent to lowering the noise variance at destination 3 from unity to |hs 3|*/|hc|?.
Then, for |hys| > 1,

h 2
Ry + By < log2(1 -+ (5] + [Hygl)?) + log [ 14—zl
max (1, \h273\2>

h 2
<log2(1 + (|h1 3| + |has|)?) + log (1 + :hzé;2> )

For |he 3| < 1, we upperbound the three terms directly

1 a — * - * — * — * —
7 {HOYAOIYE ™) = H s 5 (Xa()IVI B 5 (X571 1 (X, 15, (X571, My, Ma)}
t=1

<log(1 + (Jh1 3|+ |hasl)?).
T

> {HYIO)X1 (1), 15,5(Xa (1)) — HYa(0)| X1 (), Xa(t)) |

t=1

1
T
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h14X1( )) H(N4<t))

<L A0
;i D)+ haaXa(t)) — H(N,(1))
<log (1+ |h2,4|2)
< log 2.
12{f%xamnm@a&@wwm—ﬂ%ﬂ%@wwm}

< 7Y H5,((0) — H N (0)
<log (1 + |h0]2) :

Thus, in general, we have

max(|hcl?, ||, !h2,4!2)>

< log2(1 ) +1log (1
RI_I_RQ = 1og ( +(|h’1,3| + |h’2,3|) )_l_ Og< + maX(l,‘thP)

Upperbound 4:
This is a simple cut-set upperbound [20] with nodes 1 and 4 on one side of the cut and

nodes 2 and 3 on the other. It is easy to verify that
Rl S maX[<X1; }/37 1/2)7
X,

Ry < %QX[(XQ;H,H).
Under the linear deterministic model, this translates to an upperbound on the sum-rate of
Ry + Ry < max(ny3,n¢) + max(ng 4, ne),
and for the Gaussian case, we get an upperbound of
Ry + Ry <log (1+ |hysl” + [hcl?) +log (1 + |haal® + [hol?) .

Upperbound 5:
This is also a simple cut-set upperbound. Nodes 1 and 2 are on one side of the cut and
nodes 3 and 4 are on the other. The resulting upperbound on the sum-rate is

Ri + Ry < max I(X1; Xy Y3, Yy).

pX1,X2
For the linear deterministic case, this gives

max(ny 3 + Noa, Mg + Nogz), if nig—nog 7# nig — nag,
max(ni 3, N2, M1.4,M2.3), otherwise,

Rl—i-RgS{
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and for the Gaussian case, using the fact the eigenvalues of the input ([X;, X3]) covariance
matrix cannot exceed 2, we may upperbound the sum-rate by

R+ Ry <log (1 +2 (|h1,3|2 + [hoal® + |hial® + |h2,3|2>
+4 (|h1,3hQ,4|2 + |h1.4h23]? — 2|k sho.ahy aho 3| cos 9) ) :

Upperbounds 1, 2, and 3 can be further tightened to obtain a smaller constant gap in
Theorem [2] by (1) considering the correlation between the noise processes at the destinations,
as well as (2) modifying the correlation of the Gaussian noise processes in the additional
signals we provide to the destinations. Also, the correlation between the input signals can be
explicitly accounted for instead of assuming the worst-case correlation at different stages as
we do here. Upperbound 5 can be easily improved by choosing the optimal input covariance
matrix.

E Upperbounds for the Gaussian interference channel
with feedback

Below, we will show that is an upperbound on the sum-rate. To see that this is the only
biting upperbound in this regime, let us consider the achievability proof. The achievability
proof in appendix [C] only depends on the marginals of the noises and hence holds without
change for the feedback case. Hence, the sum-rate achieved in appendix [C]is achievable for
the feedback problem as well. Moreover, for the symmetric case, u of in the achievability
proof (appendix |C]) is strictly subsumed by ug of . Also, since for noiseless feedback, na
and Ny as defined in appendix [C| are equal, u} of is subsumed by min(uj, u}, u}, ut) as
we argued in that appendix (where u, through uf are defined in —. For the symmetric
channel v, = u;. Evaluating ug and wuj for the symmetric channel with noiseless feedback
reveals that uf is never smaller than u), by more than 1 bit. Thus, the achievability proof
is appendix [C] when applied to the symmetric channel with noiseless feedback achieves a
sum-rate of uj within a gap of at most 13 bits. Also, u), is within a gap of at most 5 bits
from . Thus, overall, the achievability proof is appendix |C| achieves (12)) with a gap of
at most 19 bits.

It only remains to show that is an upperbound to the sum-rate.The line of argument
is similar to the one in the proof of upperbound 2 for the cooperation case; the main difference
is that the the genie does not provide hj,(X]) to destination 4. Let us define hj} 4(X,) =
ha3Xs + N; as before. Starting from Fano’s inequality, we write

T(Ry + Ry — o(€)) < I(My;Y3) + I(My; Y,')
I(My;Yyh) + 1(Ms; Y, hs 5(X5), Mh)
I(My;Y5') + (M Yy by 5(X5 )| M)

IA AN
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T
<D I(Mys Ya()Y3 ™) + (Mo Ya(t), by 5(Xo(0) [V by 5(X57), My).

t=1

Below, we upperbound these terms separately.
Iy Va3 ™) = OGOV ™) = HOA (1Y M)
< HY;0)|YE) — HY3(0)|[ Ve Y M)

(a)
< H(Ys()[Y5™h) = H(hs 5(Xa ()Y s 5( X571, My),
where (a) follows from the fact that Ys(t) = hi3Xi(t) + h55(Xo(f)), and X;(t) is a deter-
ministic function f;, of (M;).
I(Ma; Ya(t), by o (Xo(0)[YS ™, b 5(X571), My)
= I(Ma; hy 5 (Xo(8)) [V W3 g (X571), My) + I (My; Ya(t)|[ YL, by 5(X3), My).
We upperbound the above two terms separately now.
I(My; by 5(Xo()) Y™ by 5 (X571, My)
= H (5 5(Xo(0)|YS ™ hy 5 (X571), My) — H(hs 5 (Xa(0) Yy, 15 5(X571), My, My)
(a) * 1 s _
= H(hyo(Xo() Y b5 5(X571), My) — H(Ns(t)),
I(My; Ya(t) Y 5 5(X3), My)
= H(Yy(t)[Y{ ™, hs 5(X5), My) — H(Y4(t)| YL, BS 5(X5), My, Ms)

< H )X (), s 5 (Xa(t)) — H(NA(E)),

where (a) and (b) follow from (1) the channel model (memorylessness and independence
of the noise processes at the two destination nodes, and Yy(t) = hosXo(t) + hi 4(Xi(t)) =
hoaXo(t) + h1aX1(t) + Ny(t)), and (2) the fact that X;(¢) and Xs(t), resp., are deterministic
functions of (M, k3 4(X37")) and (Ma, ki 4(X771)), resp. Combining everything, we have

T(Ry + Ry = o(e) Z{ (B)[Y3™) = H(Na(8)) | + {HY2(OX1(0), h5,5(Xa (1)) = H(Ni (1)) }

The rest of the argument is exactly as in Appendix [D}

F A Gaussian example

The upperbounds follow from Appendix [D] We can show that the sum-rate is upperbounded
by all of the following for the symmetric channel with hy = v/hp.

Ur = 2log (1+2hp) (1+h3)

? h3, h?
U2IU3:10g2<1+(hD—|— hD> ) <1+max(h§,c)>7

2
u5:10g<1+4(h%+hp)+4(h2D—hp> )
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Note that u; above is slightly stronger than the one on Theorem [2 but follows directly from
the proof in appendix [D] when specialized to the symmetric channel with h; = /Ap. Also,
we have left out wuy since this upperbound is not important for this channel. The above
upperbounds imply that for any € > 0, the sum-capacity is upperbounded by C' + ¢, for
sufficiently large hp.

The achievability again depends on different schemes depending on the regime. For
he < vhp, we apply Theorem (a). We choose Z;, Z,, Uy, Us,, Vi, Vs as independent,zero-

mean Gaussian auxiliary random variables with the following variances.

1
2 2 _
JZl_O_ZQ_E’

1
2 _ 2 _ 4
oy, =0y, = 2 , and

c

1 1

2 _ 2 _4_
oy, = oy, =1 2 H

W is independent of all these and has the same distribution as (V1,V5). X; and X, are as
follows.

Xlz‘/l—f_Ul—'—Zl;
Xy =Vo+ Uy + Zs.

Evaluating the expressions in Theorem (a) and simplifying using Fourier-Motzkin elimina-
tion, it can be shown that the upperbound is achievable in the regime he < +/hp within a
gap of 6 bits for sufficiently large h%.

In the range of /hp < he < hp, we find that, for sufficiently large hp, us =

2 . . . . . . .
log 2 (1 + (hD + \/hD) ) (14 hp), which is independent of h¢ in this regime, dominates the

other bounds. Thus, the achievability in the regime h¢ < /hp implies achievability in this
regime as well.

For he > hp, we apply Theorem [4(b) with the following choices for the auxiliary random
variables. S1,S%, Z1, Z3, S1, 52, Vi, Vo are independent, zero-mean Gaussian auxiliary random
variables with the following variances.

1
gfqi:g%é:hT’
D
1/2
0'%1:0%2:E>
1 1 1/2
2 _ 2 _ _ - _ =
05, = 05, = (1+L) (1 53 hD>,and
h
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W is independent of all these and has the same distribution as (Vi, V), and U, Us are
constants. X; and X, are as follows.

h
M:%+&—f&+&+%
D

h
X2=V2+52—h7XS1+ZQ+S£.
D

h2
Y;,:hD(V1+Z1+S{)+hX(V2+ZQ+S;)+(hD—hX> Sy + N3,

D

2

h
Y4:hD(‘/2+Z2+S§)+hx(‘/i+Z1+S{)+(hD—hX> So + Ny,
D

Evaluating the expressions in Theorem (b) and simplifying using Fourier-Motzkin elimina-
tion, it can be shown that the upperbound is achievable in the regime ho > hp within a gap
of 5 bits for sufficiently large hp.
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